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Abstract 

We first present four graphic surgery formulae for the degree n part Z n of the Kontsevich- 
Kuperberg- Thurston universal finite type invariant of rational homology spheres. 
Each of these four formulae determines an alternate sum of the form 

£(-l)» J Zn(Mx) 

ICN 

where N is a finite set of disjoint operations to be performed on a rational homology sphere M, 
and Mi denotes the manifold resulting from the operations in I. The first formula treats the case 
when N is a set of 2n Lagrangian-preserving surgeries (a Lagrangian-preserving surgery replaces a 
rational homology handlebody by another such without changing the linking numbers of curves in 
its exterior). In the second formula, iV is a set of n Dehn surgeries on the components of a boundary 
link. The third formula deals with the case of 3n surgeries on the components of an algebraically 
split link. The fourth formula is for 2n surgeries on the components of an algebraically split link in 
which all Milnor triple linking numbers vanish. In the case of homology spheres, these formulae can 
be seen as a refinement of the Garoufalidis-Goussarov-Polyak comparison of different nitrations 
of the rational vector space freely generated by oriented homology spheres (up to orientation- 
preserving homeomorphisms) . 

The presented formulae are then applied to the study of the variation of Z n under a p/q- 
surgery on a knot K. This variation is a degree n polynomial in q/p when the class of q/p in Q/Z 
is fixed, and the coefficients of these polynomials are knot invariants, for which various topological 
properties or topological definitions are given. 
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1 Introduction 



In this article, we shall focus on the real finite type invariants of homology 3-spheres in the sense of 
Ohtsuki, Goussarov and Habiro, and on the topological properties of the surgery formulae that these 
invariants satisfy. 

M. Kontsevich proposed a topological construction for an invariant Z of oriented rational homology 
3-spheres using configuration space integrals. G. Kuperberg and D. Thurston proved that Z is a 
universal finite type invariant for homology 3-spheres, in the sense of Ohtsuki, Goussarov and Habiro 
[KT1IL3] . Like the LMO invariant, the Kontsevich-Kuperberg- Thurston invariant Z — (Z n ) n ^ takes 
its values in a space of Jacobi diagrams A = IlneN an< ^ an y rea ^ degree n invariant v of homology 
3-spheres is obtained from the Kontsevich-Kuperberg-Thurston invariant (Zi)i e jq by a composition 
with a linear form that kills the Zj, for i > n. 

We shall first prove four formulae for Z n , for n £ N. Each of these four formulae will determine 
an alternate sum of the form 

£(-l)»'Z n (Mz) 

TCN 

where TV is a set of disjoint operations to be performed on M, and Mj denotes the manifold resulting 
of the operations in /. Our first formula, Theorem 13.11 will be a mere alternative statement of the 
main theorem of |L4] and will treat the case when N is a set of 2n Lagrangian-preserving surgeries 
(a Lagrangian-preserving surgery replaces a rational homology handlebody by another such without 
changing the linking numbers of curves in its exterior). In our second formula, Thcorcm l4.1i N will be 
a set of n rational surgeries on the components of a boundary link. Our third formula, Theorem 14.31 
will deal with the case of 3n surgeries on the components of an algebraically split link. Our fourth 
formula, Theorem 14. 41 will be for 2n surgeries on the components of an algebraically split link in which 
all Milnor triple linking numbers vanish. 

In the case of integral homology spheres, these results can be seen as refinements of the Garoufalidis- 
Goussarov-Polyak comparison of the nitrations of the vector space generated by homology spheres, 
with respect to algebraically split links, boundary links or Lagrangian-preserving surgeries [GGP, AL . 

As it was proved by Garoufalidis in [Gaj . a degree n finite type invariant v of homology spheres 
satisfies a surgery formula that describes its variation under 1 / r-surgery on a knot K as 

n 

v{M{K; 1/0) - v{M) = /2' y(l) ( K c M V 

i=l 

where i/W is a finite type knot invariant in the Vassiliev sense for knots in S 3 as defined in |B-Nj . 

Since all the real finite type invariants of homology 3-spheres can be obtained from the universal 
LMO invariant by composition with a linear form on the space of Jacobi diagrams [LMO , LeJ , and since 
the LMO invariant is defined using the Kontsevich integral and surgery presentations of manifolds, the 
knot invariants can be explicitly given in t erms of the K ontsevich integral of surgery presentations 
of the knots. See also the Arhus construction [All IA2l IA3] . 

We seek for a better topological understanding of the invariants i/W , and we shall relate some of 
them to the topology of Seifert surfaces of the knots. For example, for any degree n invariant is, we 
give a formula in terms of the entries of the Seifert matrix and the weight system of v for the leading 
coefficient rA n ' of the surgery polynomial. See Theorem l5.ll We shall also prove that i>W is of degree 
less than 2n for any i < n. This specifies a result of Garoufalidis and Habegger who proved that 
(y{M{K; 1)) — v{M)) is a degree 2n knot invariant with the same weight system as a degree 2n knot 
invariant induced by the Alexander polynomial, by using the LMO invariant [GH . 

Some of the results proved in this article can be refined in the extensively studied case of the 
Casson- Walker invariant A = W\ o Z\, where W\{(Q)) = 2, that satisfies the well-known formula, for 
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a knot K in a homology sphere M, 

X(M(K;p/q)) - A(M) = 2a'(A") + A(L(p, -q)) 

P 

where X'(K) is half the second derivative of the normalized Alexander polynomial of K evaluated at 1 
and L(p, —q) is the lens space obtained by p/g-surgery on the unknot. We shall prove some graphical 
formulae for X'(K) and for its variation under surgeries on disjoint algebraically unlinked knots in 
Propositions IQIOllOl 

Next, we shall concentrate on the case of the degree 2 invariant A 2 = W20Z2, where W 2 { 

A) = i 

and = ^- ^ ne mvarian ts A and A2 generate the vector space of real- valued invariants 

of degree lower than 3 that are additive under connected sum. We shall prove that A2 satisfies the 
surgery formula 

X 2 (M(K;p/q)) - X 2 (M) = X' 2 '{K) (?) + w 3 (K)? + c(q/p)X'(K) + X 2 (L(p; -q)) 

\pj V 

for a knot K in a homology sphere M, where c{q/p) only depends on q/p modulo Z, X' 2 ' is explicitly 
given in Theorem 15.11 and W3 is a knot invariant, for which we shall prove various properties. These 
properties include a crossing change formula, Proposition 17.21 and a formula for genus one knots K, 
Proposition 17.31 For knots in S 3 , W3 is the degree 3 knot invariant that changes sign under mirror 
image, and that maps the chord diagram with three diameters to (—1). In his thesis |Auj . Emmanuel 
Auclair independently obtained a formula for W3 [K) in terms of topological invariants of curves of an 
arbitrary Seifcrt surface of K, that is fortunately equivalent to Proposition 17. 31 in the genus one case. 

The article is organized as follows. The main results are stated precisely without proofs from Sec- 
tion [3] to Section [7] The proofs occupy the following sections. Questions and expected generalizations 
of the proved results are mentioned at the end. 

2 The Kontsevich-Kuperberg-Thurston universal finite type 
invariant Z 

2.1 Jacobi diagrams 

Here, a Jacobi diagram T is a trivalent graph T without simple loop like -O- The set of vertices of 
such a r will be denoted by V(r), its set of edges will be denoted by E(T). A half-edge c of T is an 
element of 

H(T) = {c=(v(c);e(c))\v(c) e V(T);e(c) e E(T);v(c) e e(c)}. 
An automorphism of T is a permutation b of H(T) such that for any c, c' G H(T), 

v(c) = v(c') =► v(b(c)) = v(b(c')) and e(c) = e(c') e(b(c)) - e(b(c')). 

The number of automorphisms of T is denoted by jjAut(r). For example, jJAut(^^) = 12. An 
orientation of a vertex of such a diagram T is a cyclic order of the three half-edges that meet at that 
vertex. A Jacobi diagram T is oriented if all its vertices are oriented (equipped with an orientation). 
The degree of such a diagram is half the number of its vertices. 

Let A n = An{$) denote the real vector space generated by the degree n oriented Jacobi diagrams, 
quoticntcd out by the following relations AS and IHX: 



AS 



= 0, and IHX : 
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Each of these relations relate diagrams which can be represented by planar immersions that are 
identical outside the part of them represented in the pictures. Here, the orientation of vertices is 
induced by the counterclockwise order of the half-edges. For example, AS identifies the sum of two 
diagrams which only differ by the orientation at one vertex to zero. »4o(0) is equal to K generated by 
the empty diagram. 

2.2 The Kontsevich-Kuperberg-Thurston universal finite type invariant Z 

Let A be Z, Z/2Z or Q. A A-sphere is a compact oriented 3-manifold M such that H*(M;A) — 
H*(S 3 ; A). A Z-sphere is also called a homology sphere while a rational homology sphere is a Q- 
sphere. Following Witten, Axelrod, Singer, Kontsevich, Bott and Cattaneo, Greg Kuperberg and 
Dylan Thurston constructed invariants Z n = (Zxkt)ti of oriented Q-spheres valued in A n (%) and 
they proved that their invariants have the following property |KT] . See also |L3j . 

Theorem 2.1 (Kuperberg-Thurston |KTj ) An invariant v of 1-spheres valued in a real vector 
space X is of degree < n if and only if there exist linear maps 

4>k{v) ■■ Ak{9) — > X, 

for any k <n 7 such that 

n 

v = 4>k(v) o Z k . 

A real finite type invariant of Z-spheres is a topological invariant of Z-spheres valued in a real 
vector space X which is of degree less than some natural integer n. Theorem 12.11 can be used as a 
definition of degree < n real- valued invariants of Z-spheres. 

A degree < n invariant v is of degree n if 4> n (v) ^ 0. In this case, $> n (y) is the weight system of v 
and is denoted by W v . 

Let p c : Ak{$) — * Ak{%) be the canonical linear projection of Ak{%) onto its subspace A%{$) gener- 
ated by the connected diagrams, such that p c maps the non-connected diagrams to and the restriction 
of p c to -4£(0) is of course the identity. Then = p c o Z n is additive under connected sum. Fur- 
thermore any real-valued degree n invariant belongs to the algebra generated by the (<f>k,i ^b)fc<n 
for linear forms <f>k,i generating the dual of Ai($). 

Remark 2.2 The above definition coincides with the Ohtsuki definition of real finite type invariants 
[O] , The Ohtsuki degree (that is always a multiple of 3) is three times the above degree. Sec 
[0| IGGP[ IHa} lALj and references therein for more discussions about the various concepts of finite- 
type invariants. 

3 Lagrangian-preserving surgeries 

Conventions: Unless otherwise mentioned, manifolds are compact and oriented. Boundaries are 
always oriented with the outward normal first convention. The normal bundle N(V) of an oriented 
submanifold V in an oriented manifold M is oriented so that the tangent bundle T X M of the ambient 
manifold M at some x S V is oriented as T X M = N X V ®T X V . If V and W are two oriented transverse 
submanifolds of an oriented manifold M, their intersection is oriented so that the normal bundle of 
T X {V n W) is the sum N X V © N X W. If the two manifolds are of complementary dimensions, then the 
sign of an intersection point is +1 if the orientation of its normal bundle coincides with the orientation 
of the ambient space that is equivalent to say that T X M = T X V © T X W . Otherwise, the sign is — 1. 
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If V and W are compact and if V and W are of complementary dimensions in M, their algebraic 
intersection is the sum of the signs of the intersection points, it is denoted by (V, W)m- 

Recall that the linking number lk(J, K) of two disjoint knots J and if in a rational homology 
sphere M is the algebraic intersection of J with a surface bounded hy K \i K is null-homologous, 
that lk(J, .) is linear on Hi(M \ J), and that lk(J, K) = lk(K, J). 

The Milnor triple linking number fJ,(Ki, K 2 , K 3 ) of three null-homologous knots Ki,K2,K 3 that 
do not link each other algebraically in a rational homology sphere M may be defined, as the algebraic 
intersection of three Scifcrt surfaces £2, £1, S3 of these knots in the complement of the other ones. 

li{K u K 2 ,K 3 ) = -(£i,£ 2 ,£ 3 ) = -(EiHEa.Sa) = -lk(K 3 , Si n £ 2 ). 

We now describe part of the behaviour of the Z n under the Lagrangian surgeries defined below. 
A genus g Q-handlebody is an (oriented, compact) 3-manifold A with the same homology with 
rational coefficients as the standard (solid) handlebody H g below. 




Note that the boundary of such a Q-handlcbody A is homeomorphic to the boundary (dH g = S g ) of 

For a (Q-handlcbody A, Ca denotes the kernel of the map induced by the inclusion: 

i?i(cM;Q) — ► Hi(A;Q). 

It is a Lagrangian of (Hi(dA;Q), (, }oa), we call it the Lagrangian of A. A Lagrangian-preserving 
surgery or LP -surgery (A, A') is the replacement of a Q-handlebody A embedded in a 3-manifold by 
another such A' with identical (identified via a homeomorphism) boundary and Lagrangian. 
There is a canonical isomorphism 

d M V-H 2 (A U dA -A'; Q) -> C A 

that maps the class of a closed surface in the closed 3-manifold (A UdA —A') to the boundary of its 
intersection with A. This isomorphism carries the algebraic triple intersection of surfaces to a trilinear 
antisymmetric form I a A' on Ca- 

I AA '(ai,aj,a k ) = (d^ IV (a i ),d^ IV (aj),d^ IV (a k ))Au-A' 

Let (01, a,2, ■ ■ ■ , dg) be a basis of Ca, and let Z\,...,z g be homology classes of dA, such that 
(z\, . . . ,z g ) is dual to (a\, a 2 , . . . , a g ) with respect to (, )qa ((a-i,Zj)dA = Sij)- Note that (z\, . . . ,z g ) 
is a basis of Hi(A; Q). Represent Xaa' by the following combination T(1aa') of tripods whose three 
univalent vertices form an ordered set: 

<Zk 
^ z\ 

{{*,j>fc}C{l,2,...,g j4 };»<j<fe} 

When G is a graph with 2n trivalent vertices and with univalent vertices decorated by disjoint curves 
of M, define its contraction ((G)) n as the sum that runs over all the ways p of gluing the univalent 
vertices two by two in order to produce a vertex-oriented Jacobi diagram G p 

({G)) n = J2^G P ){G P } 
p 
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where £{G P ) is the product over the pairs of glued univalent vertices, with respect to the pairing p, of 
the linking numbers of the corresponding curves. The contraction ((.)) is linearly extended to linear 
combination of graphs, and the disjoint union of combinations of graphs is bilinear. 

A k-component Lagrangian-preserving surgery datum in a rational homology sphere M is a datum 
(M; (Ai, -,fe}) °f ^ disjoint Q-handlebodies Aj, for i 6 {l,...,fc}, in M, and k associated 

LP-surgeries (Aj,AQ. 

Theorem 3.1 Let 

(M;(A,4)ie{i,..,2„ } ) 

be a In -component Lagrangian-preserving surgery datum in a rational homology sphere M . For I C 
{1, . . . , 2n\ , let Mi denote the manifold obtained from AI by replacing Ai by A[ for all i £ L . Then 

£ (-lf I Z n (M I ) = ({ □ T(I AiA ,))) n . 

IC{l,...,2n} ie{l,...,2n} 

We shall prove that this formula is equivalent to the formula of |L4| in Section [Sj 

Let !Fq be the rational vector space freely generated by the oriented Q-spheres viewed up to oriented 
homcomorphisms. For a fc-component Lagrangian-preserving surgery datum (M; (A, ^)ie{l,...,fe}) m 
a rational homology sphere M, define 

[M; (A, 4)*e{i,...,fc}] = ]T (-l)» J Mj e To 
rc{i,...,k} 

and define Tk as the subspace of Tq generated by elements of J-q of the above form. Then, it easily 
follows from the above theorem that Z n {Ti n +\) = where Z n is linearly extended to Tq. For two 
elements x and y of J-q, we write x = y to say that x — y£ J-2 n +i- Thus, if x = y, then Z n (x) = Z n (y). 

The intersection of this filtration with the rational vector space freely generated by the oriented Z- 
spheres is the Goussarov-Habiro filtration. (The inclusion of the Goussarov-Habiro filtration {J-^ H )k 
in the intersection is obvious, the other one comes from the fact that is the intersection of the 

kernels of the Zi for 2i < k because of the universality of Z .) 



4 Surgeries on algebraically split links 

Let L(pi, —qt) be the lens space obtained from S 3 by pi/^-surgery on a trivial knot. (The standard con- 
ventions for surgery coefficients are recalled in the beginning of Section[Sl) When L = (Kf,pi/qi)i e N is 
a given link whose components are equipped with surgery coefficients in a rational homology sphere M, 
for I C N, let 

Mi = M( Ki . p . /q . )ieI $ jeNV L(p j , -qj) 

denote the connected sum of the manifold M^ i . pi / qi - )ieI — M ((-fQ;Pi/Si)je/) obtained from M by 
surgery on (K^pi/ 'qt)i£i and the lens spaces L(pj, —qj) for j ^ /. 
Set 

[M; {K l]P% /q t ) ieN ] = ^(-1)» J M 7 . 

ICN 

Note that the connected sums with lens spaces are trivial when the pi are 1. 
The invariant Z n is linearly extended to J-q. By the additivity of the connected part Z^ of Z n 
under connected sum, if N has more than one element, 

Z c n ([M; [K^/q^]) = Z c n ( J2 (-l fM {K ^ Mt€1 \ 

\ICN I 
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and the connected sums with lens spaces do not appear in this case either. 

In Section [9l we shall see how Theorem 13.11 easily implies the following surgery formula on n- 
component boundary links. 

Theorem 4.1 Let n and r be elements ofN. Consider a link (K\, K%, ■ ■ ■ , K r ) where all the Ki bound 
disjoint oriented surfaces £\ Letpi/qi be a surgery coefficient for Ki, and let (a;*-, £,(£*) be a 

symplectic basis for the Seifert surface S l . Define 

£ V V • 

(j,/c)e{l,2,..., S (£')} 2 

Then 

Z n ([M;(Ki;pi/qi) ie { lt _ tr y]) =0 ifr>n 

= ^((U 4e{ i,...,„ } (-i7 / ( S ' 1 )) » Hr = n. 

Definition 4.2 A link L in a 3-manifold is said to be algebraically split if any component of L is 
null-homologous in the exterior of the other ones (i.e. if any component of L bounds a surface in the 
complement of the other components of L). 

An edge-labelled Jacobi diagram is a Jacobi diagram T equipped with a bijection from E(T) to 
{1, 2,3,..., 3n} for some integer n. Let -D e , n be the set of unoriented edge-labelled Jacobi diagrams of 
degree n. Let L — (-K^)ie{i,2,3,...,3n} be a 3n-component algebraically split link. Let V £ -D e ,n, orient 
L. To any vertex of F, whose incoming edges are labeled by i,j,k with respect to the cyclic order 
induced by the orientation, associate the Milnor triple number Kj, Kk)- Then define nr{L) as 

the product over all the vertices of T of the corresponding Milnor numbers of L. Note that /zr(£)[r] 
does not depend on the orientation of F. Let 9(T) be the number of components of T homeomorphic 
to©. 

Theorem 4.3 Let n and r be elements ofN. Let L = {Ki,pi/ 'qi)ie{i,2.3,...,r} be a (rationally) framed 
1 — component algebraically split link in a rational homology sphere M . Then with the notation above, 

Z n ([M;(Ki;pi/qi) i& {i r} ]) =0 ifr>3n 

A 2/3-labelled Jacobi diagram is a degree n Jacobi diagram T equipped with an injection t from 
{1, 2,3,..., 2n} to E(T) such that at each vertex two edges of the image of l meet one edge outside 
the image of 1. Let £>2/3,n be the set of unoriented 2/3-labelled Jacobi diagrams of degree n. Let 
(-Fi)i=i,...2n be a collection of transverse oriented surfaces that meet pairwise only inside their respec- 
tive interiors, such that (Fi, Fj, Fk) = for any {i,j, k} C {1, 2, 3, ... , 2n}. Let L S D 2 /3. n , orient T. 
For a vertex of T, whose half-edges belong to edges labelled by (i, j, nothing), with respect to the cyclic 
order induced by the orientation, assign the intersection curve Fi n Fj to the unlabellcd half-edge. To 
any unlabelled edge e that is now equipped with intersection curves Fi fl Fj and Fk H Fi associate the 
linking number ^((i ? j)j=i,...2n; T; e) of Fj n Fj and F^ D F^~ , where F^ and F £ + are parallel copies of 
Fk and Fg. 

Note that there is no need to push the intersection curves by using parallels if Fi , Fj , F^ and Fg 
are distinct, to define this linking number. If {i,j} = {k,£}, this linking number is the self-linking of 
the intersection curve that is framed by the surface, up to sign. Now, note that lk{Fi(^Fj , nf/) = 
lk(F l n Fj,Ff n F e ) and that 

lk(F+ n Fj , Fi n F t ) - lk{Fi n Fj,F+ n Ft) = ±(F i) F j ,F t ). 
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Therefore if the cardinality of {i,j} n {k, £} is 1, the linking number £((-Fi)i=i,...2n; T; e) is well-defined, 
too. Define ^((i^)i=i,...2n; T) as the product over all the unlabelled edges of T of the i?((-Fi)i=i,...2n; T; e). 
Note that ^((fi)ti,...2n;r)[r] is independent of the orientation of T. Let t)Aut 2 /3(r) be the number 
of automorphisms of T that preserve its 2/3-labelling. 

Theorem 4.4 Letn andr be elements ofN. Let L = (-R'i;Pi/'7i)ig{i i 2.3,...,r} be a framed r -component 
algebraically split link in a rational homology sphere M such that for any {i,j, k} C {1, 2, 3, ... , r} 7 
,,[K,.ly,.k,; I). 

Let (fi)ie{i,2,3,....r} be a collection of transverse Seifert surfaces for the Ki where Fi does not meet 
the Kj for i ^ j. 

Then with the notation above 

Z n {[M;(Ki;pi/ qi ) ie{h ... tr} }) = ifr > 2n 

- 1 U=i Pi 2^reD 2/3 ,„ tAuU/aF) 11 1 ~ 
where the sum runs over all 2/3 -labelled unoriented Jacobi diagrams T. 

When M is a Z-sphere, when the pi are equal to 1, and when r is greater or equal, than n for 
Theorem 14.11 than 2n for Theorem 14.41 and than 3n for Theorem 14.31 the left-hand sides of the 
equalities of these theorems are in ■ Since the degree n part of the LMO invariant coincides with 
Z n on J-§^ , these three theorems hold for the LMO invariant as well, in these cases. 

Theorems 14.31 and 14.41 will be proved in Section [TT1 Their proofs will rely on some clasper calculus 
performed in Section [TOl that will also lead to the following proposition. 

Proposition 4.5 Let L = (-fQ^g-n^,...,?-} be an i — component algebraically split link in a rational ho- 
mology sphere M . Then there exist transverse Seifert surfaces Si in M\ (Uj^iKj) for each component 
Ki of L, such that, for any triple (Ki, Kj, Kk) of components of L, the geometric triple intersection 
of the surfaces Si, Sj and S^ is made of \/i(Ki, Kj, Kk)\ points. 

Section [11] also contains an equivalent definition of the Matveev Borromean surgery (or surgery on a 
y-graph), see Proposition llO.il 

5 On the polynomial form of the knot surgery formula 

Recall that for any rational homology sphere M, Zq[M) = 1. Theorem 14. II implies that for any knot 
K that bounds a surface F in a rational homology sphere M and for any two coprime integers p and 
q such that p^O, 

Z X {M[K; P)) Z X {M) = + Z x {L{p, -q)). 

q 2 p 

We shall see in Section rT2] that Theorem 14. II also easily implies the following theorem. The first part 
of this theorem is essentially |Gal Prop. 4.1]. 

Theorem 5.1 Let p and q be coprime integers such that p ^ 0. Let n € N, n > 1. Let K be a knot 
that bounds a Seifert surface F in a rational homology sphere M. Let F % be parallel copies of F for 
i G {1, . . . , n}, and let Li denote the framed link made of the boundary components of U l j =1 Fj, where 
each component is framed by 1 . 
Then 

n 

Z n (M(K; -E—)) - Z n (M) = J2 K { :l /P (K C M)(r + ^ 

q + rp ^— J n,q/p p 

for any r E Z where the coefficients q ,(K) satisfy the following properties. 
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ie{l,...,n} 



ifn > 2, 



Y^\K) = Lit (( V + ^ Z - ^ L ^ + Z - 



ifn > 2, P°(Yn™ g /p) = Y l n q /p C does not depend on p and q, 



ilv 



if i <n — \, only depends on q/p mod Z 



• if U bounds a disk in M, then Y^ q/p (U cM) = Oi/i>0 and 

Y n}/ P ( U C M) = Z n (M$L(p, -q)) Z n (M), 

y™(kcm) = o, 
Y nl/ P ( K C M) = (-i) i+n y n « , /p (* C — M). 

A singular knot is an immersion of 5 1 in a 3-manifold whose only multiple points are transverse 
double points like ^ . 

Such a double point can be removed in a positive way or in a negative way . 

Let K s be a singular primitive knot in a rational homology sphere with k double points. Fix a 
bijection from {1, . . . , k} to its set of double points. For / C {1, . . . , k}, let Kj be the desingularisation 
of K s such that the singular points in the image of / have been removed in a negative way, and the 
singular points outside the image of / have become positive. If y is a knot invariant valued in an 
abelian group, set 

y{K')= ]T (-ifyiKj). 
/c{i,...,fc} 

Remark 5.2 It may happen that we do not know whether Z n (M(Ki\ q f pr )) is polynomial in r for 
a given /, but that we know that 

J2 (-l) S/ ^(M(K /; -f-)) 



q + pr 



is. Then the definition of (K s ) extends in an obvious way. 

Proposition 5.3 For any singular knot K s in a rational homology sphere with k double points, for 
any integers n, i, q and p, with < i < n, 

Y nl/ P ( KS ) = 0ifk>2n~landifi<n. 

In other words, Y^\ p is a knot invariant of degree at most 2n with respect to the crossing changes, 
and if i <n, Y^\ p is a knot invariant of degree at most (2n — 1) with respect to the crossing changes. 
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Two disjoint pairs of points in S 1 are said to be unlinked if they bound disjoint intervals in S . 
Otherwise, they are said to be linked. Two double points of a singular knot arc said to be linked if 
their preimages are linked. 

Associate a symmetric linking matrix [•^jj(-K' s )]ij6{i i 2,...,jfe} to a singular knot K s with k pairwise 

unlinked double points numbered from 1 to k in the following way Each double point i ^C, can be 
smoothed to transform the knot into two oriented singular knots Kf and Kf. 

Set 

t ii {K s )=lk{Kf,Kf). 

If i and j label two unlinked double points, let Kf 1 be the curve among Kf and Kf that does not 
contain the double point labeled by j, then £ij(K s ) = lk(K^' J , K s ^ 1 ) if i ^ j. 

Proposition 5.4 For any singular knot K s in a rational homology sphere with k pairwise unlinked 
double points, for any integers n, i, q and p, with < i < n, and n > 1, 

if k = n, Y^\ p (K s ) = Y^q(K s ) is an explicit homogeneous polynomial of degree i in the coefficients 
of the linking matrix of K s , and Y^°^ p (K s ) = 0. 

Proposition 112.31 will give explicit examples of computations of the above homogeneous polynomi- 
als. 

6 A few formulae for the Casson- Walker invariant 

Set A = Wi oZ 1 where = 2. According to |L4j . A is the Casson- Walker invariant as normalized 

by Casson for Z-spheres (see jAMl IGMl IM]). A is half the Walker invariant as normalized in [Wj . and 
A coincides with | gl * M )| where \Hi{M)\ denotes the cardinality of Hi(M;Z) for Q-spheres, and A is 
the extension of \Hi(M)\X to oriented closed 3-manifolds that is denoted by A in |Llj . 

A rationally algebraically split link is a link whose components do not link each other. The following 
proposition gives formulae that generalize Theorem 14. 1[ Theorem 14.31 and Theorem 14.41 in the degree 
1 case (n — 1) for rationally algebraically split links. 

The order of a knot if in a rational homology sphere is the smallest positive integer Ok such that 
OkK is null- homologous. A primitive curve on a torus S 1 x S 1 is a non-separating simple closed 
curve on the torus. A primitive satellite of a knot is a primitive curve on the boundary dN(K) of 
its tubular neighborhood. A surgery on a knot K is determined by a primitive satellite \i (oriented 
arbitrarily) of the knot that will bound a disk inside the surgered torus after surgery. If mx is the 
meridian of K, the isotopy class of such a curve is determined by the pair 

(p K = lk{n, K), q K = (rnjf, fi)dN(K)) 

and the surgery coefficient is pk/qk- 

For any order d component if of a rationally algebraically split link L, there exists an embedded 
surface S in the complement of L whose boundary <9£ is made of essential parallel curves of the 
boundary dN(K) of the tubular neighborhood N(K) of K such that dH is homologous to d parallels 
of K in N{K). Let Hi (£)/i?i (<9£) denote the quotient of i?i(£) by the image of i?i(<9£) under the 
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map induced by the inclusion. Let B s = (xj, g } be a symplectic basis of H\(Y>) / Hi(dY>), 

define 

^ % Vk x k 

m= E v v ■ 

(j,fc)e{i,2,..., 9 p 

If W n : ^4„ — > Q is a linear form, then W n (((•))) will also be denoted by ((•))w„ ■ 
For example, 

(j,fe)e{i,2,... )9 p 

Proposition 6.1 Let n &e an integer. Set N — {l,...,n}. Let L = (K^pi/ 'g^gjv be a framed 
rationally algebraically split link in a rational homology sphere M . Let di be the order of Ki in 
Hi(M), let Yii be a surface of M\L whose boundary is made of essential parallel curves of dN(Ki) 
and is homologous to diKi in N{Ki). If n = 1, assume that the QfZ-self-linking number of Ki is 
zero. 
Then 

/ n \ 

qi 



Y,(-ifHM {K , Mel n ]eNXI L( Pj ,- qi )) = (-ir A 'w 



JCJV 



Pi 



where 



x i( T \ _ {(J(Si)))w! , 1 l - f _ 1 

A v^J — 2d^ r J2 _ T2d^ V n — 1 

_ «/(Ei) 1 CM(K 2 ;l)» Wl ({/(SiJCitf))^ JfeCEinEa.CS^Ea)!!) ., 

2^ y n - 2 

_ (Sl,S2,S 3 ) 2 -f _ q 

- — SppT - n - d 

= £/ n > 4 

an<i 7 if n > 1, 

JCW ICN 

This proposition is proved in Section [T3l Under its hypotheses, we then obviously have the following 
equalities 



X'iKx C M(K 2 ,p/q)) - \'(Ki C M) = -\'(Ki,K 2 ) 

P 

and 



A' [Kx C M((K 2 -p 2 /q 2 ), (K 3 ;p 3 /q 3 ))) - A' C M(K 2 ;p 2 / q 2 )) - A' {K x C M(K 3 ; P3 /q 3 )) 

+A'(X 1 c M) = ^l X '(Ki,K 2 ,K 3 ). 

P2P3 

Then the variation of linking numbers under surgery recalled in Lemma 19 . 51 easily implies the following 
proposition (see also the proof of Lemma 1 1 3 . 5() . 

Proposition 6.2 Let (K\, K 2 , K 3 ) be a rationally algebraically split link in a rational homology sphere 
M. Let di be the order of Ki in H\{M), let Si be a surface of M \ L whose boundary is made of 
essential parallel curves ofdN(Ki) and is homologous to diKi in N(Ki). Then 
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\'{K U K 2 ) =-|((^J(Ei) K 2 — K n) ) Wi 



Proposition 6.3 If K s is a singular knot with one double point, then 

X'{K s )=l 11 {K s ). 

The easy proof of this well-known proposition is also given in Section 1131 

7 On the knot surgery formula for the degree 2 invariant A2 

Consider the degree 2 invariant 

X 2 = W 2 o Z c 2 

where W 2 ( ^ = 1 and therefore W 2 ^ Q Q ^ =2. The invariant A 2 is invariant under 

orientation change and additive under connected sum. 

Theorem 7.1 There exists a function c from Q/Z to Q such that c(0) = 0, c{q/p) — c(—q/p) and 
the following assertions hold. Let r = q/p gQ \ {0}, where p and q are coprime integers. Let K be a 
knot that bounds a Seifert surface F in a rational homology sphere M . Let F 1 and F 2 be two parallel 
copies of F. Then 

X 2 (M(K; 1/r)) - X 2 (M) = X' 2 '(K)r 2 + w 3 (K)r + C(K; q/p) + X 2 (L(p; -q)) 

where 

K{K) = l({ [J (/(*")) ))w 2 

ie{l,2} 

w 3 (K c M) = -w 3 (K c (-M)) 

and C(.;q/p) is an invariant of null-homologous knots that only depends on q/p mod Z, sucft £/ia£: 
C(if;0) = 0, and, if if bounds a surface whose Hi vanishes in H\(M), then C(.;q/p) = c(q/p)X'(K). 
Furthermore, if K s is a singular knot with two unlinked double points, then 

MK S ) = -t^yp- and C{K s ;q/p) = 0. 
Like all the statements in this section, the above theorem will be proved in Section [14] 

Proposition 7.2 Let K s be a singular knot with one double point in a rational homology sphere. Let 
K + and K~ be its two desingularisations, and let K' and K" be the two knots obtained from K s by 
smoothing the double point. Assume that K' and K" are null-homologous, then 

\\K') + X'{K") X'(K+) + y(K-)+lk 2 (K',K") 
w 3 (K^)-w 3 (K ) = . 
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Let 



x 



denote a two strand braid with \x\ vertical juxtapositions of the motive X if a: > and 



\x\ vertical juxtapositions of the motive X if i < 0. 

Let x, y and z be three odd numbers. Let K(x,y,z) be the following pretzel knot that bounds a 
genus one Seifert surface £ whose thickening H coincides with the thickening of the twice punctured 
disk next to it. H is a genus two handlebody whose boundary is equipped with curves X, Y and Z 
that bound disks in its exterior. 



K(x,y,z) 



X Y 




Note that any genus one knot that bounds a genus one surface, whose Hi goes to in H\{M), 
may be written as the image of K (x, y, z) under an embedding (f> of H into M that maps X and Y to 
in Hi(M\4>(H)). 

Proposition 7.3 Let (j) be an embedding of H in a rational homology sphere such that 4>{X) and 4>{Y) 
are null homologous in the exterior of <f>(H). Then 

w 3 (ct>(K(x, y, z))) = w 3 (K(x, y, z)) - ~A'(#X)) - |a'(0(F)) - |a'(0(Z)) + |a'(0(X), 0(F)) 



and 



w 3 {K(x,y, z)) 



x 2 (y + z) + y 2 (x + z) + z 2 (x + y) xyz x + y + z 



32 8 16 

where \'(<p(X)) and \'(<j)(X),^)(Y)) are defined in several equivalent ways in Section^ 



8 Proof of the Lagrangian-preserving surgery formula 

In this section, we prove Theorem 13.1 1 bv proving that its formula is equivalent to the formula of |L4j 
(or [AL] for the case of integral homology spheres) . We first rewrite the right-hand side of the formula 
of Theorem GEO 

Let g(i) be the genus of A;. Let (a\, a l 2 , . . . , a % g ^) be a basis of Ca ( , and let z\, ... , z % g ,^ be homology 
classes of dAi, such that (a* , z l k ) qa = #jfc- Let F be the set of maps / from {1, . . . , 2n} x {1, 2, 3} to 
N such that 1 < f(i, 1) < f(i, 2) < f(i, 3) < g(i). Let P be the set of pairings p of the disjoint union 
G° of the following 2n tripods, that pair a univalent vertex of some tripod to a univalent vertex of a 
different tripod. 

x 1 

Let p G P. The half-edges of G Q p are naturally labeled in {1, . . . , 2n} x {1, 2, 3}. Assume that some 
(/ G F) is given. With a half-edge of G° labeled by (i,j) that belongs to the tripod i, associate the 
curve z % fuj) of dAi. Then to an edge of G®, associate the linking number of the curves associated to 
its two half-edges, and define lk(p; f) as the product over the edges of these linking numbers. Set 

2n 

c(p; /) = lk(p; f)Y[l AiAli (a l nil) ,a l ni2) ,a l f{h3) ), 
i=i 
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and 

°(p) = E °(P'f)- 

Then 

(( □ T(X AiA ,))) n = ^c(p)[G°]. 

ie{l,...,2n} p&P 

Let D be the set of unoriented Jacobi diagrams of degree n. Consider a Jacobi diagram T of D. 
Let -P(r) be the set of the pairings p of P such that G® is isomorphic to F as an unoriented Jacobi 
diagram. Then 

(( □ T{i AiA ,))) n = E <p^ G % 

ie{i,...,2n} rer>p6P(r) 

Fix r in D. Let -B(r) be the set of bijections b from the set H(T) of half-edges of T to {1, ... , 2n} x 
{1,2,3} that map any half-edge c of a vertex v(c) to three images with the same first coordinate 
bi(c) — bi(v(c)). An element b of B(T) determines a pairing p(b) of P(T), and the number of elements 
of B(T) that determine the same pairing is the number of automorphisms of T. 

2^ ^)[G p j- ^ ^-^ [Gpib) \- 2. HAut(r) [G ^> J - 

Let G(r) be the set of injections g from the set H (T) of half-edges of V to 

{(i,i)e{l,...,2n}xN;l< j <</(*)} 

that map the three half-edges of a vertex to three images with the same first coordinate, and that 
induce a bijection from V(T) to {1, . . . , 2n}. An injection g of G(T) provides a natural bijection b(g) 
of B(T) and a map /(g) of F such that <?(c) = (£>i(c), /(g) o 6(g)(c)). Furthermore, such a g orders 
the three half-edges of a vertex, and hence provides an orientation o{g) of T. 

ST i u^oi c(p(6(g));/(g)) 

c (p)[ g pH E — uAutTn — [(r ' o(5))] - 

peP(r) seG(r) 14 v ' 

Let g G G(r), its first coordinate b\(g) induces a bijection from V(T) to {1, . . . , 2n}. Number the 
three half-edges of any vertex w of T with a bijection b(w): v~ 1 (w) — > {1,2, 3}, arbitrarily. This orients 
r and equips each injection g £ G(T) with a sign that is +1 if o(g) coincides with this orientation of 
r (except for an even number of vertices) and (—1) otherwise. Furthermore, g provides summands of 

z{Ai,Ai)= E x ^^K^i)' a L(2)'<(3))4 i (i)®4 i (2)« > 4 i (3) 

9j :{l,2,3}-{l,2,..., 9 (i)} 

where g{b(bi(g)^ 1 (i))^ 1 (j)) = (i,gi(j))- Note that the sign of an injection g is +1 if the number 
of vertices bi(g)~ 1 (i) where the cyclic order induced by gi does not coincide with the cyclic order 
induced by ^(^i(g) _1 (*)) is even, and (—1), otherwise. This shows that for any bijection a from V^(r) 
to {l,...,2n}, 

E c (p(%)); /G?))[(r, o(g))} = ik((Ai, 4) i= i,..., 2 n; r ; a)[r] 

ff eG(D;6 1 ( ff )= CT 

with the notation of IALI or IL4I. o 
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9 A direct proof of the formula for boundary links 



9.1 A Lagrangian-preserving surgery associated to a Seifert surface 

Let E be an oriented Seifert surface of a knot K in a manifold M. Consider an annular neighborhood 
[—3, 0] x K of ({0} x K) = K = <9E in S, a small disk D inside ] — 2, — l[xK, and an open disk d in 
the interior of D. Let F = E \ d. Let hp be the composition of the two left-handed Dehn twists on 
F along c = dD and K 2 = {-2} x K with the right-handed one along Ki = {-1} x K. 




See F as F x {0} in the boundary of the handlebody Af — Fx [—1,0] of M. Extend Hf to a 
homeomorphism Ha of 8Af by defining it as the identity outside F x {0}. 
Let A' F be a copy of Af- Identify dA' F with dA f with 

h A :dA' F -> <9A F . 

Define the surgery associated to E as the surgery associated with (Af,A^) (or (A F , A' F ; /m)). If 
i denotes the embedding from dA p to M. This surgery replaces 



by 



M = (M \ Int(Air)) U t ^ 



M F = (M \ Int(A F )) U thA A 1 F . 



Proposition 9.1 With the notation above, the surgery (Ap,A' F ) associated to E is a Lagrangian- 
preserving surgery with the following properties. There is a homeomorphism from Mp to M 

• that extends the identity of 

M\([-3,0] x K x [-1,0]), 

• that transforms a curve going through d x [—1,0] by a band sum with K, 

• that transforms a Q-framed meridian m of K going through d x [—1,0] into a 0-framed copy of 
K isotopic to the framed curve h'^ L {m) of the following figure. 





16 



Proof: Observe that hp extends to S x [—1,0] as 

h: Ex [-1,0] -> Ex [-1,0] 

(a,t) » h(a,t) = (h t (a),t) 

where ho is the extension of hp by the identity on d that is isotopic to the identity, 
h-i is the identity of E, 

h t coincides with the identity outside [—5/2, —1/2] x K(S 1 ), 
and h t is defined as follows on [-5/2, -1/2] x K(S 1 ). 

• When t < —1/2, then h t describes the following isotopy between (h-i = identity) and the composi- 
tion h-1/2 of the left-handed Dehn twist along Ki located on [—5/2, —2] x K(S 1 ) and the right-handed 
Dehn twist along K\ located on [—1, —1/2] x K(S 1 ), 

h t (u,K(z)) = (u,K(zexp(i(2t + 2)(4Tr(u + 5/2))))) ifu<-2 
h t (u,K(z)) = (u,K(zexp(i(2t + 2)(2Tr)))) if - 2 < u < -1 

h t (u,K(z)) =(u,K(zexp(-i(2t + 2)(4Tr(u + l/2))))) ifw>-l. 

• When t > —1/2, then h t coincides with /i_i/2 outside the disk D whose elements will be written as 
D(z € C), with \z\ < 1. The elements of d will be the D{z) for \z\ < 1/2. On D, h t will describe the 
isotopy between the identity and the composition h of the left-handed Dehn twist along dD located 
on {D(z); 1/2 < \z\ < 1} and a negative twist of d. 

ht{u,K(z)) = (u,K(zexp(i(An(u + 5/2))))) ifw<-2 

h t (u,K(z)) = (u,K(z)) if -2 < u < -l,(u,K(z)) <£ D 

h t (u,K(z)) = (u,K(zexp(-i(4n(u+l/2))))) ifu>-l 

h t (zeD) = zcxp(i7r(2t + l)4(|z| - 1)) if|z|>l/2 

h t (zeD) = zcxp(-2i7r(2t + 1)) if|z|<l/2. 

Now, Mp is naturally homeomorphic to 

(M \ Int(E x [-1, 0])) U h|8(Ex[ _ li0]) (E x [-1, 0]) 

that maps to M by the identity outside E x [—1,0] and by h on E x [—1,0], homeomorphically. 
Therefore, we indeed have a homcomorphism from Mp to M that is the identity outside [—3, 0] x 
K x [—1,0] and that maps d x [— 1, 0] to a cylinder that runs along K before being negatively twisted. 
In particular, looking at the action of the homeomorphism on a framed arc x x [—1,0] where x is on 
the boundary of d shows that the meridian m with its framing induced by the boundary of Ap is 
mapped to a curve isotopic to /i^ 1 (m) in a tubular neighborhood of K with the framing induced by 
the boundary of Ap. 

Now, H\(dAp) is generated by the generators of -ffi(E) x {0}, the generators of -ffi(E) x { — 1}, 
and the homology classes of c = dD and m. Among them, only the class of m could be affected by 
hA, and it is not. Therefore hA acts trivially on H\(dAp), and the defined surgery is an iP-surgery. 

o 

Let Fx [—1, 2] be an extension of the previous neighborhood of F, and let Bp = F x [1, 2]. Define 
the homeomorphism hs of dBp as the identity anywhere except on F x {1} where it coincides with 
the homeomorphism hp of F with the obvious identification. 

Let B' F be a copy of Bp. Identify dB' F with dBp with 

h B :dB' F -> dBp. 

Define the inverse surgery associated to E as the surgery associated with (Bp, B' F ) (or (Bp, B' F ; He))- 
Note that the previous study can be used for this surgery by using the central symmetry of [—1,2]. 
Then, we have the following obvious lemma that justifies the terminology. 
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Lemma 9.2 With the notation above, performing the two surgeries (Bp,B' F ) and (Ap,A' F ) affects 
neither M nor the curves in the complement of F x [—1,2], while performing one of them changes a 
O-framed meridian of K going through dx [—1,2] into a O-framed copy of ±K . 

o 

Lemma 9.3 Let yi)i—i t , .., g be a symplectic basis of E, then the tripod combination T(T AfA ' f ) 
associated to the surgery {Ap,A' F ) is 

T{l ApA , p ) = -Y j ^ y x i . 

i=i c 

For a curve c of F, let c + denote c x {1}. The tripod combination T(Ib f b' f ) associated to the 
surgery (Bf,B' f ) is 

Proof: For a curve c of F, c~ denotes c x { — 1}. Use the basis (to, (x» — x~ , y^ — y~)i = \.... t g) of the 
Lagrangian of A F to compute the intersection form of (A F L)—A' F ). Its dual basis is (c, (i/j, — £i)i=i,... „)• 
Note that the only curve of the Lagrangian basis that is modified by h A is to, and that h A (m) = mK^ 1 . 
The isomorphism d^y from Ca f to H 2 {A F U — A' F ) satisfies 

d M 1 v (x l - xr) = S( Xi ) = -( Xi x [-1,0]) U (xi x [-1,0] c A' F ) 

duviVi ~ VD = S (Vi) = ~(W x [-1.0]) u (Vi x [-1. 0] c A 'f) 
duvim) - S A (m) = An - (E \ (] - 2, 0] x if)) U (-An C A' F ) 

Since X4 intersects only j/i, S(a;j) intersects only S(yi) and ^(m). The algebraic intersection of 
S(xi), S(yi) and S A (m) is -1. 

For the surgery (B F ,B' F ), S B {m) = D m + E \ (] - 2, 0] X K) U (-An C B^), and the algebraic 
intersection of S(xi), S(yi) and 5b (to) is 1. o 

9.2 Proof of Theorem 1331 

Remark 9.4 For this proof, I could also have used the strategy of Section [TT] But I prefer this 
self-contained proof. 

First recall the following easy lemma that will be used several times. 

Lemma 9.5 The variation of the linking number of two knots J and K after a p/q-surgery on a knot 
V in a rational homology sphere M is given by the following formula. 

lk M(v , p/ JJ,K) = lk M (J,K) - kk M {V,J)lk M (V,K). 

o 

Let (K%, K2, ■ ■ ■ , K n ) be a link where all the Ki bound disjoint oriented surfaces E*. Consider an 
embedding of JJt =1 E* x [-1, 2]. Let N = {1, 2, ... , n}. For i e N, associate surfaces F 1 = E l \ d l 
and LP-surgeries {Ai.A 1 ^ = (A F i,A' Fi ) and (B,,B|) = (B F i,B' Fi ) as in Subsection 19. II Let Ui be a 
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meridian of Ki going through d l x [—1,2], so that performing one of the two surgeries transforms Ui 
into ±Ki and performing both or none of them leaves Ui unchanged. Then 

[M; (Ki;pi/qi)] = M {u .. pi/q .^ - M {Ki . p . /qi) 
More generally, for J C {{A h A'^, (B h £0}i=i,...,n> 

( M (U t ;p t /q t ), €N )j = M {K^l qi )^ I(J) %0{.T)L{P]-,-q]) = M I(J) 

where I(J) is the set of elements i of N such that (t (■/ H {(A i5 (Sj, B-)}) is one. Note that 
(— 1)" J = (— l)S / (' 7 ) and that for any subset / of N there are 2 n subsets J of the set of LP-surgeries 
such that I(J) = I. Thus 

[M; {K t ]p t /qi) teN ] = ^[M {Ui . pi/qi)ieN ;{A u A' i ) teN , (Bi, B'^n]. 

In particular, we can apply Theorem 13. II to compute Z n ([M; (iiT^pi/g^igjv]). 

According to Lemma 19.31 the tripods associated to the surgery ( A F i , A' pi ) and to the surgery 

(B F i,B' Fi ) are — Ya=i <^ 3 x i and *C 3 res P ec tively. The only curve that links c l al- 

gebraically in M(jj.. pi / qi ) ieN among those appearing in all the tripods is c l+ with a linking number 
—Qi/Pi- Therefore, these two must be paired together with this coefficient. Theorem 14.11 follows when 
r = n. The case r > n can be either deduced from the case r = n or proved directly, it is easy. o 



10 Some clasper calculus 

The proofs of Theorems 14.31 and 14.41 will be given in Section [TTJ They will rely on the current 
section, where we recall some known clasper calculus and where we show how to present algebraically 
split links L = {Ki)i—\ t ... !n by claspers so that the associated Seifert surfaces of the components 
Ki in M \ (Uj^iKj) have minimal triple intersection, namely so that for any triple (Ki, Kj, Kk) of 
components of L, the geometric triple intersection of the transverse surfaces Si, Sj and is made 
of \n(Ki, Kj, Kk)\ points. (This shows Proposition 14.51 that will be a direct corollary of Lemma \l 0.71 
and Proposition 110.81 ) 

10.1 Two ways of seeing surgeries on Y-graphs 

Let A be the graph embedded in the surface S(A) shown below. In the 3-handlebody (N = S(A) x 
[—1, 1]), the edges of A are framed by a vector field normal to S(A) = E(A) x {0}. S(A) is called a 
framing surface for A. 




A Y -graph in M is the isotopy class of an embedding <j> of N (or S(A)) into M. Such an isotopy 
class is determined by the framed image of the framed unoriented graph A under <fi. A leaf of a 
K-graph <fi is the image under <f> of a simple loop of our graph A. An edge of <f> is an edge of 4>(A) that 
is not a leaf. With this terminology, a F-graph has three edges and three leaves. 
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Q O leaf 

fedge 



The surgery on such a Y"-graph can be defined in several equivalent ways. 

Originally, it was defined by Matveev in |Mat| and named Borromeo transformation as the effect 
of the surgery on the following 6-component framed link in the framed neighborhood of the Y"-graph. 



wM 



The framing of the link is induced by the framing of the surface. 
We shall prove the following proposition. 

Proposition 10.1 The above surgery is equivalent to the surgery (Ap, A' F ) associated to the following 
subsurface F o/S(A) x [—1, 1], with respect to the notation of Subsection UTll 




Let G C M be a F-graph. A leaf I of a Y-componcnt of G is trivial if I bounds an embedded disc 
that induces the framing of I, in M \ G. It is easy to see that with both definitions, performing the 
surgery on a F-graph with a trivial leaf does not change the ambient manifold. More precisely, the 
following lemma is proved in [GGPj, for the first definition. 

Lemma 10.2 (|GGP, Lemma 2.1]) Let M be an oriented 3-manifold (with possible boundary). 
Let G be a Y -graph in M with a trivial leaf that bounds a disc D in M \ G. Then 

• for any framed graph Tq in M\G that does not meet D, the pair (Mg,Tq) is diffeomorphic to 
the pair (M, To). 

• If T is a framed graph in M \ G that meets Int(Z?) at exactly one point, then the pair {Mq, T) 
is diffeomorphic to the pair (M,Tg), where Tq is the framed graph in M below. 




Now, it is proved in [AH Proof of Lemma 4.6], that this property fully determines the surgery. 
Therefore, since this property is also true for the second definition, the two definitions coincide and 
Proposition llO.il is proved. In particular, the second definition has the same symmetries as the first 
one obviously has. 

This definition does not depend on the orientation of S(A). Nevertheless, we shall sometimes 
need orientations of our Y"-graphs. An orientation of a Y"-graph is an orientation of its three leaves, 
together with a cyclic order on the 3-element set they form, induced by an orientation of S(A) as in 
the figure (everything turns counterclockwise). 




An n-component Y -link G C M is an embedding of the disjoint union of n copies of N into M up 
to isotopy. The Y"-surgery along a Y"-link G is defined as the surgery along each Y"-component of G. 
The resulting manifold is denoted by Mg- 

10.2 Some clasper calculus 

Recall the following equivalences between surgeries inside handlebodies -that can be themselves em- 
bedded in any 3-manifold in an arbitrary way-. The first one is move Y3 in |GGP] , as rectified by 
Emmanuel Auclair in his thesis |Au] . 

Lemma 10.3 (|AuJ) The surgeries on the following two Y -links are equivalent. 




Lemma 10.4 (Theorem 3.1, move I4 in [GGP]) The surgeries on the following two Y-links are 
equivalent. 




The two equivalences above easily imply the following one. 
Lemma 10.5 The surgeries on the following two Y-links are equivalent. 
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o 

As a consequence of Lemma 110.41 we also have the following lemma that provides an inverse for a 
Y"-graph. A mark % on an edge indicates a positive half-twist of this edge. 

Lemma 10.6 (Theorem 3.2 in [GGP]) The surgery on the following Y -link is trivial. 




10.3 A clasper presentation of algebraically split links 

A leaf £ of a T-link G is a meridional leaf or is a meridian of a link L, if it is trivial, and if it bounds 
a meridian disk of some link component whose interior intersects G U L at exactly one point of L. 
Say that a T-link G laces the trivial r-component link of a connected 3-manifold if 

• each of the T-link components contains a meridional leaf of U^ T \ 

• The components Ui of £A r J bound disjoint disks (£?i)i=i,..., r (Ui = dDi) so that Di PlG is inside 
the meridional leaves of Ui (and contains one point per meridional leaf of Ui), 

• no component of G contains more than one meridional leaf of a given component Ui. 

Performing the surgery on such a G transforms U (r *> into the link (K l ,...,K r ) = U^ in M that 
is presented by (G,U^). 

Since any null- homologous knot bounds an oriented Seifert surface, by Lemma 110.21 it is easy to 
see that any null-homologous knot is presented by a pair (G, U±), where G is a T-link that laces the 
trivial knot. 




In a connected oriented compact 3-manifold M such that H2(M;Z) = 0, the linking number of 
a null-homologous knot K with a knot C in its complement is well-defined as the algebraic intersec- 
tion of C with a surface bounded by K. The Milnor triple linking number p,[K\, K 2 , -K3) of three 
null- homologous knots K\,K 2 ,K 3 that do not link each other is also well-defined, as the algebraic 
intersection of three Seifert surfaces of these knots in the complement of the other ones with the sign 
»(K 1 ,K 2 ,K 3 ) = -(E 1 ,'£ 2 ,?; 3 ). 

Let G be a T-link that laces the trivial link U^ of M. Let m; denote the homology class of the 
oriented meridian of Ui. Say that a component of G is of type (Eimi,Ejmj, f) if its leaves are one 
meridian of Ui, one meridian of Uj, and another oriented framed leaf / and if it can be oriented so 
that the homology classes of its oriented leaves read EiTrii, Sjrrij and [/] with respect to the cyclic 
order induced by the orientation, with £i,£j G { — 1, 1}. Similarly, say that a component of G is of 
type {eiinrii, Ejnij , £kmk) if its leaves are one meridian of Ui, one meridian of Uj, and one meridian of 
Uk, and if it can be oriented so that the homology classes of its oriented leaves read SiUii, Ejinj and 
Skirik with respect to the cyclic order induced by the orientation, with Ei,Ej,Ek G { — 1, !}• 
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Lemma 10.7 Let G be a Y-link that laces the trivial link U^ of an oriented connected 3-manifold 
M . Let L = (Ki, . . . , K r ) = Uq^ be the link presented by G. Then L is algebraically split, and the Ki 
bound surfaces Ej such that 

• for any {i,j} C {1, 2, ... , r}, EiflEj is the union over all the components of type (sirrii, £jTrij, /) 
of the framed oriented leaves £i£jf, 

• for any {i, j,k} C {1,2,..., r}, the oriented intersection Ej fl Sj PI Efc is a union over all the 
components of type (eiTOj, SjUij , efeWfc) of points with sign SiEjSk- 

In particular, if H2(M;Z) = 0, then fjb{Ki,Kj,Ku) is the sum over all the components of type 
(eimi,ejmj,ekmk) of the contributions (—SiSjek)- 

Proof: Define the index of a component Y of G as the smallest i such that Y has a meridional leaf 
of Ui. Realize the surgeries on the components of index i of G by applying Lemma [10?2] to the trivial 
meridional leaf I of Ui and to the part of Ui going through £. These surgeries transform U^ into L 
and allow us to see each Ki as the boundary of a surface whose 1-handles are thickenings of the 
framed leaves that are not meridians of Ui of the components of index i. 

So far, Yik may intersect the Ki with i < k (but not the Ki with i > k). More precisely, if i < k, 
each component of index i of type (rrii,£mk, f) or (m„ /, —errik) gives rise to an arc of intersection 
of Yii n Sfc. Tubing along the part of Ki between the two extremities of the intersection arc 
that is contained in the surgery picture transforms this arc of intersection into ef and removes the 
intersection of Ki with 



eK k 





If the third leaf is a meridian of Kj for i < j < k then perform the tubing along this leaf inside 
the tubing of along the meridional leaf of rrik- Let Efe denote the surface obtained after all these 
tubings. 



y.i n E,- n E fc 



eKu 




It is left to the reader to check that the surfaces have the announced properties. o 

Say that a y-link G fi-laces the trivial r-component link [A r J of a connected 3-manifold if it laces 
it, and if for any triple {«, j, k} of integers in {1, . . . , r}, there are exactly \[i{Ki, Kj, K^)\ components 
with one leaf that links Ui, one leaf that links Uj and one leaf that links Uk- 

It is known that any algebraically split link can be presented by a l^-link G that laces the trivial 
link t/M [GGPl Lemma 5.6], patllMN] , We prove the following proposition that refines this result, 
and that, together with Lemma [10. 71 proves Proposition ^. 51 
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Proposition 10.8 For any algebraically split link L = (K\,...,K r ) in a connected 3-manifold M 
such that i?2(M;Z) = 0, there exists a Y -link G that [i-laces the trivial link of M such that 
(G,f/W) presents L. 



This proposition will be a direct corollary from the slightly more general proposition 110.91 below, 
that may be used for the study of homology handlebodies. 

Here, an r -component based link is an embedding Tl of the following graph with r loops, up to 
isotopy. Its underlying link is the restriction of the embedding to its r loops. 



The trivial r-component based link is the above r-component based link seen in a 3-ball. 

Proposition 10.9 For any based r-component link T^, whose underlying link L = (K\, . . . ,K r ) is 
algebraically split, in a connected 3-manifold M such that H2(M;'Z) — 0, there exists a Y -link G in 
M \ that fi-laces the trivial link of M such that (G, r[^) presents T^. 

Proof: For any sublink L' of L, there is a canonical subgraph T^y of that is a based link with 
underlying link L' . We prove Proposition 110.91 by proving the following statement by induction on 
the number r of components of L. 
Induction hypothesis 

Let M be a connected 3-manifold such that Hi(M\%) = 0. Let TluL' be a based algebraically split 
link in M where L has r components. Let T U ( r ) LlL i be the based link obtained from T lul 1 by replacing 
Tl by r[j^ so that each component of bounds a disk Dt whose interior does not meet F^r)^/. 
Then there exists a F-link G in of M \ Yl' such that the following set of properties H(G,Tl, Tl') is 
satisfied. 

. GcM\T mr)uL ,, 

• G n-laces the trivial link of M \ V 

• (G,r (7 (,.) uL /) presents FluL' in M, 

• the only leaves of G that link L' algebraically are meridional leaves of L' , 

• no component of G contains more than one meridional leaf of a given component of L\ 

• For any triple {/, J, K} of components of L U L' with at least one component in L, there are 
exactly J, K)\ components of G with one leaf that links /, one leaf that links J and one 
leaf that links K. 

This statement is obviously true for 0-component links. 

Assume that it is true for (r — l)-component links, we wish to prove it for (L = {K\, . . . , K r ), L'). 
Let [/( r_1 ) = (JJ 1) . . . , J7 r _i) denote the trivial (r — l)-component link that bounds a disjoint union of 
disks (-Dj)j=i,..., r -i- By induction, there exists {G\ C M\Fl'uk,.) such that H{G\, ^Ki,...,K r -i, ^k,.ul') 
is satisfied. 

Consider a two-dimensional disk D that meets K r along an arc a of its boundary around which 
all the meridional leaves of K r are, and such that D intersects all the meridional leaves, so that 



bounds a surface £ that meets neither r^/y^r-i U Ui< r -D;, nor the path 7 r from the vertex of r^uL' 
to K r , nor the leaves of G\. 




K' r = (K r \ a) U (-8D \ a) 
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Lemma 10.10 The graph G± and the surface £ can be modified so that £ does not meet G\ at all 
outside the meridional leaves of L, and the following set of assumptions 

H2(Gi,TK 1 ,...,K r ^ 1 ,^K r UL' , £) 

• £ meets neither Tjj( r -i) uL r U Ui <r Di, nor "f r , nor the leaves of G\ 

• H{G\,T K 1 ,...,K r ^ 1 ,^ k t vjL') is satisfied except that components of G\ are allowed to have no 
meridians of L\ K r provided that they have a meridian of K r . 

is still satisfied. 

Proof: We need to remove the intersections of £ with the edges of G%. By isotopy, without loss, 
assume that no edge adjacent to a meridional leaf of K r intersects £ r (push the intersection on the 
two other edges, if necessary). Similarly, assume that if a component contains only one meridian 
of L, the edge adjacent to this component does not meet £ r . Now, the intersections of the edges 
adjacent to non-meridional leaves can be removed by tubing £ r around the part of the K-graph that 
contains the corresponding leaf. Here tubing means replacing a small disk of £ r in a neighborhood 
of an intersection point with an edge by the closure of its complement in the boundary of a regular 
neighborhood of the part of the F-graph that contains the corresponding leaf, as below. 




Thus, we are under the assumptions H(E) that the only edge intersections occur on edges adjacent 
to a meridional leaf of some Kj, with j < r, of components with at least two meridional leaves of 
L. Define the complexity c(£;Gi) of such a situation as follows. Define the complexity c e (Y) of a 
component Y of G\ as the number of intersection points of its edges with £. Define the complexity 
c(£;Gi) as the pair (maximal complexity c e of the components, number of components with this 
complexity) ordered by the lexicographic order. 

Now, to prove the lemma, it is enough to prove that there exists a pair (£;Gi) with lower com- 
plexity such that H 2 {Gi 1 T Kl ^ ^ Kr _ 11 T KrUL : and H(E) are satisfied. 

Consider a component Y of G\ with maximal complexity, and its edge e with the maximal number 
of intersection points. By hypothesis, e is adjacent with a meridional leaf t of some component Ki 
with i < r. Remove the point of e (~l £ that is closest to £ as follows. By our assumptions, £ intersects 
a neighborhood of Y in the gray part of the following picture, where the intersection point that will 
be removed is at the top right corner. Perform the modification of Lemma Tl 0.51 so that the resulting 
three graphs are like in the following picture with respect to the positions of the possible intersections 
with £. 
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Let Yi be the graph that replaces Y with one edge intersection removed. Let Y3 be the graph with 
a meridional leaf of K r , a leaf parallel to £, and another trivial leaf £1, and let I2 be the other one 
with one meridian of £\ . Remove all the intersection of Y3 with E outside its meridional leaf of K r by 
tubing. If Y2 has only one meridional leaf of L, then remove its intersections as before, too. Otherwise, 
don't change it, it has two meridional leaves, and its complexity c e is lower than c e (Y). Slide the 
meridional leaf of K r in K3 so that it is around the arc a of K r . Thus, the obtained graph and 
the modified £ together satisfy H2(Gi,TK 1 ,...,K r ^ 1 ,^K r uL' and H(E), and have lower complexity. 
The lemma is proved. o 

By Lemma 110.21 K r \ a is obtained from 3D \ a by surgery on a Y- link G2 in the neighborhood 
of £ \ D such that any component of G2 contains exactly one meridian of dD. Let U r — 3D. Thus, 
K r is obtained from U r by surgery on Gi U G2, G\ U G2 /U-laces the trivial link U^ r > of M \ L', 
(Gi U G2,T U ( r ) UL ,) presents L^ul' in M. Let us now modify G = G\ U G2 so that the last three 
conditions of H(G 1 Yl 1 ^L') are satisfied in addition to the previous ones. 

• Cutting the leaves so that the only leaves that link L' algebraically are meridional leaves of L' 

Use Move Y4 of GGP] (Lcmma llOTp to cut the leaves of G2 that are not meridians of K r so that 
they are either 0-framed meridians of L' or they do not link L' at all. Indeed, this move allows us to 
cut the leaves into leaves that are homologically trivial in the complement of L' , and meridians of the 
components of L' without creating further intersections of G2 with the disk D. Define the complexity 
of a leaf as the minimal number of leaves in such a decomposition minus one. Define the complexity of 
a Y"-graph as the sum of the complexities of its leaves. Finally define the complexity of a F-link as the 
pair (maximal complexity of the components, number of components with this complexity) ordered 
by the lexicographic order. The leaves can be cut in order to make this complexity decrease without 
creating further intersections of G with D. 

• Sliding the handles so that no component of G contains more than one meridional leaf of a given 
component of L' . 

Now, we wish to remove the F-components with a meridional leaf of K r and two meridional leaves 
of the same component J of L'. By Lemma ri0.21 a surgery with respect to such a graph G3 corresponds 
to a band sum with the boundary of a genus one Seifert surface as below. 




where a and [3 are meridians of J. In this figure, a right-handed (resp. left-handed) Dehn twist of the 
surface along the simple curve c(a) freely homotopic to a transforms (3 into a/3 (resp. a -1 (3) and does 
not change a. Therefore, the K-graph G3 is equivalent to a K-graph whose leaves are a meridian of 
K r , the meridian a, and the curve among af3 and that is null-homologous. 

• Realizing the algebraic cancellations to the Milnor invariants fx(K r , K s , K t ) where K s and K t are 
components of L' . 



2G 



First recall from Lemma ll 0.71 that fi(K r , K s , K t ) is the sum of the contributions er\ of the F-graphs 
of type (m r , —em s ,rimt) or (m r , em t , i]m s ) where e and rj belong to { — 1,1}. Second, exchange the 
order of the F-graphs that link U r so that all the graphs that contribute with a sign opposite to the 
Milnor invariant are followed by a graph that contributes with the sign of the Milnor invariant. In 
order to exchange two l"-graphs that link U r , perform the following sequence of operations. 




m m 



m m 




First slide the meridian m of one of them inside the other one m . Next use move I4 (Lemma I10.4[) 
to cut m! into m! and a leaf that links the edge going to m. It is enough to slide inside components 
that contribute to [i{K r , K s , K t ). Thus, we do not lose properties of our graphs, (and otherwise we 
could just perform the surgery). 

Last, transform a pair of if r -adjacent l"-graphs with opposite contributions to [i{K r , K s , K t ) into 
a family of V-graphs that do not individually contribute to n(K r , K s , Kt). To do this, see the effect 
of the surgery along the two -fT r -adjacent Y"-graphs as a band sum with the boundary of a genus two 
surface S whose 1-handles are ai, Pi, a 2 , P2, and are meridians of K s and K t . 




We are in one of the following situations for the homology classes of the curves: Either [a-\] = [a 2 ] 
and = -[f3 2 ], or [ai] = -[a 2 ] and = [f3 2 ], or [on] = [/3 2 ] and = [a 2 ], or [ai] = -[/3 2 ] and 
= -[«a]- 

Consider the following simple closed curves c(a 2 ), c(/3i), c(/3 2 ), c(/3i« 2 ) and c(/3i/3 2 ) whose homol- 
ogy classes are [a 2 ], [/3i], [/3 2 ], [/3i« 2 ] and [/3i/3 2 ], respectively. 




For a curve c, let r c denote the right-handed Dehn twist around this curve. Recall the action 



of r on homology classes t c (x) 



= x + (c 



x)y,c. Then the homcomorphism r 



(Q2) T c(/3l) Tc (/ 3 l a 2) 



of S 



transforms a 2 and /3i to conjugate curves, where the conjugation paths are in the neighborhood of the 
genus 2 surface and avoids the disks Di, for i < r, and it transforms ai and /3 2 into curves homologous 
to aia^ 1 and /3i/3 2 . Therefore using this boundary-preserving homeomorphism in the first case allows 
us to transform the surgery on the initial pair of Y"-graphs into a surgery on a pair of K-graphs such 
that each of the graphs has a homologically trivial leaf and two meridional leaves. In the second case, 

o 



c (/3i) c(/3ia 2 ) 

respectively to achieve a similar reduction 



use r c ( Q2 )T c ( ft )T ( J iQ;j) . Use ^ c ^f c ^fc{p^) and T r j^\T r j^\T_ t \ a ^ in the third and fourth cases, 
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11 Proof of the formulae for algebraically split links 



We prove the surgery formulae of Theorem 14.31 and Theorem 14.41 following a strategy that was used 
in [GGPj to compare the filtration of the space of Z-spheres associated to algebraically split links to 
the filtration associated to F-links. 

According to Proposition 110.81 it is enough to prove these theorems for links that are presented 
by pairs (G, U^) where G is a F-link that //-laces the trivial link of M, that is for C M G , 
where U^ is equipped with surgery coefficients pi/qi, ■ ■ ■ > Pr/qr- 

[M G ;C/W]= {-lf H [M;H\JU^\ 

HcG 

where 

[Af ; ff U U&] = (-V^'Mmu^M^ (he{i,2,...,r}\MPj, -fcO) ■ 

JCH,IC{l,2,...,r} 

Then [M G ;U^]=j: HcG . tH ^ n (-l)^[M-,HUU^}. 

If there exists i, such that Ui does not link any leaf of ff , then [Af ; ff U C/M] = 0. 

If there exists i, such that Ui links only one leaf of ff , then let Y\ be the component of this leaf. 

[Af; ff U U (r) ] = -[M Yl \H \ F x U U {r) \. 

Recall that the surgery on Yj is a surgery associated with a genus one surface bounded by some K± 
as in Subsection 19. 11 Then the inverse surgery of this subsection transforms Ui into — Ki and since it 
can be realized as a genus one cobordism, it can also be realized by a surgery on a F-graph that laces 
U\ and that sits in the complement of G. Let Y± be such a graph. We can assume that its leaves 
are a meridian of Ui and two leaves parallel to the two other leaves of Y\. Compare with Lemma fl 0.61 

Then [M Yl ; H \ Y x U U^} = [M Y -i ]H\YiU U^} and 

[M- H U U [r) ] = ~[M;H U Ff 1 UC/ (r) ]. 

As long as there is a component Uj that bounds a disk Dj intersecting H U Y{~ U . . . U Y^~ once 
(and necessarily) inside a meridional leaf of some component Yfc+i of H , add Y^~\, and write 

[Af; ff U Ff 1 U . . . U Y- 1 U U (r) ] = i [Af ; ff U Yf 1 U . . . U Y^ 1 U Y^ U C/ (r) ] . 

[Af ; ff U CTW] = -^[M; ff U Ff 1 U . . . U F,- 1 U F^ U C/«]. 

Finally, [Af^; U^] is a rational combination of terms of the form [Af ; H' U U^] where each Ui links 
at least two leaves of ff'. To be more specific, the considered ff' are of the form ff U fff \ where H 
is a sublink of G, and ff^ 1 is a link made of inverses of the components of a sublink ffi of ff . In 
particular, the leaves of a component of ff f 1 have the same constraints as the leaves of a component 
of G. Since a leaf of ff' links at most one Ui, such a ff' has at least 2r leaves linking the Ui. In 
particular, if 2r > 6n, [Af G ; C/M] = 0. 

• Under the hypotheses of Theorem 14.31 assume 2r — 6n. Up to elements in J-2n+i> [Mg', U^] 
is a rational combination of terms of the form [Af ; ff' U EA r )] where each [/j links exactly two 
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leaves of H' , and each leaf of H' is a meridional leaf of some Ui. More precisely, let G3 be the 
sublink of G made of the components that have three meridional leaves, we have 

[M G ; U {r) ] I ^(-1)« H [M; H U U {r) ] 

H 

where the sum runs over the H that read as the disjoint union of two F-links Hi and H2 of G3 
such that for any component Ui of U^~\ either there is one meridional leaf of Ui in Hi and no 
meridional leaf of Ui in H 2 , or there is no meridional leaf of Ui in Hi and there are two meridional 
leaves of Ui in H 2 . Let Ti denote the set of the (Hi, H 2 ) where Hi U H 2 is a decomposition as 
above of such a graph. 

• Under the hypotheses of Theorem 14.41 at most two thirds of the leaves of the H' link the Ui 
once, and the leaves of the other third do not link the Ui at all. Therefore, if 2r > An, [Mg] U^ r '] 
belongs to J- 2n +i- If r = 2n, up to elements in T 2n+ i, [Mg] U^} is a rational combination 
of terms of the form [M; H' U U^] where each Ui links exactly two leaves of H' , and in each 
component of H', there are two meridional leaves of U^) and a null-homologous leaf. More 
precisely, let G 2 be the sublink of G made of the components that have two meridional leaves, 
we have 

[Mg; C/ (r) ] = ^(-1)^[M; H U 

H 

where the sum runs over the H that read as the disjoint union of two l"-links Hi and H 2 of 
G 2 such for any component Ui of U^ r \ either there is one meridional leaf of Ui in Hi and no 
meridional leaf of Ui in H 2 , or there is no meridional leaf of Ui in Hi and there are two meridional 
leaves of Ui in H 2 . Let H denote the set of the (Hi,H 2 ) where Hi U H 2 is a decomposition as 
above of such a graph. 

In both cases 

[M G ;U^}= Yl (-2) (-l) tH2 [M;HiUH^UH 2 UU^} 

where Hi U-ff-f 1 L)H 2 has 2n components (and therefore (— l)^ 2 = 1). Apply Theorem l3.1l to compute 
it. The tripod associated to a surgery on an oriented F-graph whose leaves are l\, i 2 , £3 was computed 

<£i 
£ 2 while the tripod associated to an inverse of 

l 2 \\ where the parallels are taken with respect of the parallelization of the leaves. 

Later, we shall consider twice the tripods of the components of Hi and remove the (— l)^ 1 . Recall 
the formula of Lemma 19.51 

lkM (UiW . /qi) (J, K) = lk M (J, K) - ^lk M (Ui, J)lk M (Ui,K). 

Pi 

If for some i, a contraction does not pair two curves linking Ui, then its contribution to [M; H'Li(U\Ui)] 
and its contribution to [Mu^H 1 U (U \ Ui)] will be the same. Therefore, it won't contribute to 
[M;H' U U]. Thus since there are exactly two leaves m, and m! i linking Ui in each H ' , the only 
pairings that will contribute will pair these pairs together, and the corresponding remaining linking 
number will be ^lkM(Ui,mi)lkM(Ui,mi). 

• Under the hypotheses of Theorem l4.31 there is one contributing pairing for every (Hi, H 2 ) G Ti- 
lt can be seen as an edge-labelled Jacobi diagram T(Hi,H 2 ) together with a bijection b from the 
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set of its vertices to the set of components of Hi U H^ 1 U H 2 that maps a vertex v with adjacent 
edges labelled by k to a component b(v) of G of type (Eirrii, EjHij, Skfrik) where e$, £j, are 
in { — 1, 1}, or to the inverse of such a component. Equip T(Hi, H 2 ) with an orientation. Then 
if the orientation of a vertex v as above is induced by the cyclic order k), assign it the sign 
(— SiEjEk), and assign it EiEjEk otherwise. Define sign(T(iJi, H 2 ); b) as the products of the signs 
of the vertices. Then 

3n ^ 

Z n ([M G ;UV]) E 2PT8ign(r(Hi J fl-2);6)m.-Era)] 

Now, let / = /(&) be the map from V(T(Hi, H 2 )) to the set of components of G obtained from 
a bijection b as above by setting 

f(b)(v) = b(v) if b(v) is a component of i?i U H 2 
= Yi \ib{v) = Yr\ 

There are 2$ Hl b such that f(b) = f, and, if jjAut e (r) is the set of automorphisms of V that 
induce the Identity on E(T), there are j}Aut e (T) b that define the same pairing. Since an 
automorphism that preserves the edges pointwise may only exchange vertices inside components 

0jAut e (r) = 2 e (n 

Orient G arbitrarily. Let T £ -D e ,n- Equip T with an arbitrary orientation. Let G(T) be the set 
of maps g from V(r) to the set of components of G that map a vertex v with adjacent edges 
labelled by i,j,k, with respect to the order induced by the orientation, to a component g(v) 
of G of type (£imi, —EjUij, s^uik) or {eimi,Ef.m^,ejmj). Define sign(<7, v) = £i£j£k for such a 
vertex. Define sign(r;g) as the product of the signs associated to the vertices. Then 

^([M ;^»]) = flf E '-^n 

t=i Fl reD e , n ,seG(r) 

Now, Lemma 110.71 easily leads to the conclusion of the proof of Theorem 14.31 



• Orient G arbitrarily. Under the hypotheses of Theorem l4.41 a contributing pairing for (Hi, H 2 ) £ 
H is a 2/3-labelled Jacobi diagram L, equipped with a bijection from V(T) to the set of com- 
ponents of Hi U H^ 1 U H 2 that maps a vertex with two adjacent edges labelled by i and j to a 
component of type (eim,-, Sjirij, f) or (sjirij, —Eiirii, /). For a fixed 2/3-labelled Jacobi diagram 
L, there are j}Aut2/3(T) bijections from V(T) to the set of components of Hi U H^ 1 U i?2 that 
will correspond to the same pairing. 

Let r € D 2 / 3 n . Equip T with an orientation. Let G(T) be the set of maps g from V(T) to the 
set of components of G that map a vertex v whose adjacent edges are labelled by (i, j, nothing) 
(with respect to the orientation of T) to a component of type (£jT7ij, SjTfij, f) or (e^mj, —SiTUi, /) 
of G. When g € G(T) is fixed, assign the framed oriented curve £i£jf to the unlabelled edge of 
each v € V(T) as above. Then assign to each edge of T the linking number of the two curves 
assigned to its half-edges (change a curve / into its parallel /y, if the two curves coincide) and 
define lk(T; g) as the product over the edges of T of the associated linking numbers. 

z „([M 0;t /<-»])=n| e 

Now, Lemma 110.71 easily leads to the conclusion of the proof of Theorem 14.41 when the Seifert 
surfaces are associated to a presentation of the link by a graph that //-laces the unlink as in 
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Proposition llO.81 Fortunately, this is enough to conclude the proof of Theorem 14 . 41 thanks to the 
following proposition 111.11 that ensures that the right-hand side of the equality of Theorem 14.41 
does not depend on the choice of the Seifert surfaces. 

o 

Let n € N. Let 1)2/3,0,™ be the set of 2/3-labelled unoriented Jacobi diagrams whose labelled edges 
are oriented. Forgetting the edge orientations transforms an element T of D 2 / 3on m to an element 

f(T) of £>2/3, n , and an element of £> 2 /3,« comes from ^utiMr) elements of D V3, o,n- 

Let L = {Ki; pi/ qi)i e n i 2,s,,,,,2n} be a framed 2n-component algebraically split link in a ratio- 
nal homology sphere M. Assume that for any {i,j,k} C {1, 2, 3, . . . , 2n}, fi(Ki, Kj , Kf.) = 0. Let 
(i^~)i£{i,2,3,...,2n} U (^ + )ie{i,2,3,....2n} be a collection of transverse surfaces such that, for any i, F~ 
and F+ are two Seifert surfaces of Ki that do not meet the Kj for j ^ i. 

Let r £ D 2 / 3on . Orient T. In such a V the half-edges of the labelled edges inherit a label from 
the edge orientation. Namely, Edge i goes from i~ to i + . 

For any vertex of V, whose half-edges are labelled by (i e ,j v , nothing) with respect to the cyclic 
order induced by the orientation, assign the intersection curve F? Pi F? to its unlabelled half-edge. To 
any unlabelled edge that is now equipped with two intersection curves associate the linking number of 
these curves. Then define £r((F~ , )i=i,...2n) as the product over all the unlabelled edges of F of the 
corresponding linking numbers. Note that £r((F^, )t=i,...2n)[T] does not depend on the orientation 
ofT. 

When F^ is a parallel copy of F^ , then 

Proposition 11.1 With the notation and hypotheses above 

J2 ir({Fr,F+) i=h ... 2n )^[T} 
rer> 2 /3,o,„ 

is independent of the choice of the surfaces (F,^ , i 7 'j + )i = i,...2n in the complement ofUj^aKj, it only 
depends on L. 

Proof: We study the effect of changing a surface Ff to another Seifert surface F' of Ki disjoint from 
the Kj for i ^ j, and transverse to the other ones. Obviously, for any T, the only modified ingredient 
is the linking number associated with the unlabelled edge e that shares a vertex with i e that reads 

±ik(F?r\Si,S 2 nS 3 ) 

where Si, 52 and S3 are the three other surfaces associated to the three other labelled half-edges 
containing the vertices of e. 

Let us compute the variation of such a linking number. Recall that H 2 (M \ U J - = i ) 2,...,2n.-Kj) is 
generated by the homology classes of the boundaries dN(Kj) of the tubular neighborhoods of the 
Kj, for j 7^ i. Therefore the immersed oriented closed surface (Ff U —F') cobounds a 3-dimensional 
chain C with some copies dN(Kj). In particular, if Si is a Seifert surface for Kjn\, the boundary of 
C n Si is the union of (F' Pi Si — Ff fl Si) and some copies of Kjt\\- Since all the Milnor triple linking 
numbers vanish, lk(Kjtu, S 2 n S3) = 0, and 

lk(F' n Si - if n Si, s 2 n s 3 ) = ±(c n Si, s 2 n s 3 ) = ±(c, Si n s 2 n s 3 ). 

Now, consider the two elements of D 2 / 3 o n obtained from T by changing the neighborhood of e in T 
as in the following figure. 
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(Actually, since the current definition of Jacobi diagrams does not allow looped edges, some of the 
above graphs may not be Jacobi diagrams. In order to make this proof work, allow Jacobi diagrams 
with looped edges, and set them to be zero in A n ($), so that the IHX relations involving such graphs 
are still valid and these graphs do not contribute to the sum of the statement.) 

Assume without loss, that the orientations of the three graphs coincide outside the neighborhood 
of e and are induced by the figure at the shown vertices. Then the coefficients of these three elements 
of -D 2 /3. 0in are perturbed in the same way. (Note that we did not need to take care about the above 
signs, they are well-defined in each step, and the result only depends on the cyclic order of S%, S2, 
S3.) Since the sum of the corresponding oriented graphs vanishes in A n ($) and since all the graphs 
of i?2/3,o,n can be grouped in three-element sets as above, the sum of the statement is independent of 
the surfaces. o 

Similarly, we can show the following proposition. 

Proposition 11.2 Let L = (Kq, Ki, K2, A3) be a rationally algebraically split link whose three- 
component sublinks have Milnor triple linking number § in a rational homology sphere M . Let a, 
b and c be three real numbers such that a + b + c = 0. Let £j be a Seifert surface for Ki in the exterior 
of L\ Ki. Then 

aik{T, n Si, £ 2 n s 3 ) + Wfc(£ n £ 2 , £3 n £ x ) + dfe(£ n £ 3 , £1 n £ 2 ) 

does not depend on the surfaces £j that satisfy the given assumption. The invariant v a \, c satisfies the 
following properties. 

• It is invariant under self-crossing changes of the components of L. 

• If M = S 3 , v a bc is the following combination of the Milnor invariants defined in [Mi], 

!/ o6c = 6/i(10,23)-c/z(01,23). 

/i(01,23) = ^1.0,-1 and /i(10, 23) = f_i,i,o- 

Proof: The proof of Proposition 111.11 shows that v a \, c does not depend on the surfaces and that 
it is therefore well-defined. Let us prove that v a bc does not vary under self-crossing changes and is 
therefore a homotopy invariant of these four-component links. To study the effect of a self-crossing 
change on Kq inside a ball B, choose the surfaces £^ for i > so that they intersect B as parallel 
tubes around one strand of Kq. Then their intersections like £2 fl £3 will not meet B, and will also 
bound a surface £23 in the exterior of Kq and K\ that intersects B as parallel tubes around the same 
strand of Kq. Now, £1 n £23 does not meet B, and then 

Z*(E n Ei, £ 2 n £ 3 ) = ±ik(K , £1 n £ 23 ) 

does not vary under the considered crossing change of Kq. 

According to [Mi , if the ambient 3-manifold is S 3 , there is a bijection from the set of homotopy 
classes of four-component algebraically split links L whose three-component sublinks have Milnor 
triple linking number to Z Z that maps L to (^(01, 23)(£), /x(10, 23)(L)). 
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Furthermore, if (Kq, Ki, K 2 ) is the trivial three-component link with meridians 00,01,02, and if 
the homotopy class of K01 in the exterior of (Kg, K\, K2) reads (with the notation of |Mi| ) . 

ct2° kl = aoaia2(aoai)~ 1 (aQa2 1 aQ 1 )a 2 (aia2 1 ai 1 ) — [ato, [oi, a^]] 

then n(01,23)(K , K 1: K 2 , K Q1 ) = 1 and fi(10,2S){K ,Ki,K 2 ,K 01 ) = 0. More generally, if the ho- 
motopy class of K3 reads [ato, [oi, O2]] M01 [oi, [00,02]]^°, then /u(01, 23)(Kq, K\, K%, K3) — fxot and 
/x(10, 23)(K , Ki,K 2 , K 3 ) = [i w . The link presented by the following clasper 

has the same properties than (Kq, K\, K2, ii'oi) and, according to Lemma ll0.7i 

Vabc((K , K 1 , K 2 , Kqx)) = -c. 
More generally, if the homotopy class of K3 reads [ceo, [01, 02]]'' 01 [01, [do, a 2 ]]^ 10 , then 
v a bc{Ko, Ki,K 2 , K 3 ) = (b^io - c^ i)(^o, K 1 ,K 2 ,K 3 ). 



12 On the polynomial form of the knot surgery formula: proofs 
and remarks 

Proof of Theorem 15. II Since the theorem easily follows from Theorem 14. II for n = 1, we assume 
n > 2. First assume (p,q) = (1,0). A i-surgery on K is equivalent to \r[ sign(r)-surgeries on parallel 
copies on K. These parallel copies form an |r|-component boundary link L bounding parallel copies 
of F. We have 

M{K;\) = Y J {-^ J \M;J] 

JCL 

Up to elements of Ker(Z„), we only consider the sublinks J of L with at most n components, according 
to Theorem 14. II There are 

' |r| \ H(H-l)...(|r|-j + l) 

J ) j\ 

sublinks J of L with j components and they are all isomorphic to the boundary link Lj whose 
components are framed by sign(r). This shows that 

Z n {M(K- 1)) - Z n (M) = YJU YnliK C MY if r > 

= Er=i^iS"(^CMy ifr<0 

where 

Y^-=Y^ = t^l Zn{[M ;L n }) 
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is given by Theorem 14.11 Now, we prove that the two polynomial expressions, the one for r > and 
the one for r < 0, coincide. Applying the above result to M(K; ^) with ro < — n, implies that for 
any r > r , 



1 1 1 

Z n (M(K- -)) Z n (M(K; -)) = £ Y®{K C M(K; -))(r - n>)< 

2 — 1 

The above result also implies that Z n (M(K; ±)) - Z n (M(K; —)) is 



E?=i ^(ff C M)r* + Z n (M) - Z n (M(K; £)) if r > 
E?=i C M)r< + Z n (M) - Z n (M(K; £)) if r < 0. 

Therefore the coefficients of the two polynomials coincide. This proves the existence of the polynomial 
expression with its given leading term for (p, q) = (1, 0). Applying this result in M(K; and using 
the fact that a q + rp -surgery on K is equivalent to a p/g-surgery on K and a 1/r surgery on a parallel 
copy on gives a similar polynomial expression for Z n (M(K; q f rp )) — Z n (M(K; |)) with the same 
leading coefficient since, according to Theorem 14. 1[ Z n ([M;L n ]) = Z n ([M(K; |); L n ]). Now, up to 
polynomials in r of degree less than (n — 1), 

Z n (M(K; —5— )) - Z n (M) = t^Z„ ([M;L„])r n 
q + rp n\ 

n(l-n)(-l)% r n , p. - - 



Thus 



Then 



2 n! (n — lj! \ g 

= c M)(r» + ^r- 1 ) + C M)r n ~ x . 

L^Z„ ([M(^;g);L n . 1 ]) + - ^ ^ Z n ([M; £,„]) . 

Z„ f[M(A-;^);i„_i] - [MjjZ(p, -«); L„-iA - -lz„([M;L n ]) 
V 9 J P 

by Theorem 14.1) and by additivity of p c (Z n ) = Z^ under connected sum, since n > 2, 

ZS(W(p,-?);^n-i]) = ^[M; £„_!]. 
Therefore (K C M) = Yj^V C M). 

The behaviour of ^ Lj,^ C M) under an orientation change of M comes from the fact that 
Z n (—M) = (— l) n Z n (M) , and the other assertions are easy to observe. o 



where 
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Remark 12.1 It is easy to see that (( Uie{i n] I{F % ) )) is an invariant of the knot. First, it does 
not depend on the symplectic bases chosen for the Seifert surfaces because H\(F) may be identified 
to H\(F)* via (x ^ (x, .)), and therefore the tensor Q]\ xi ®yi~ J2i Hi ® x i) ma Y be identified with 
the intersection form of the surface that lives in Hx(F)* ® Hi(F)*. Now, ((|_J«e{i n}^(^ % ) )) ^ s 
invariant under the addition of a hollow handle. (See [Goi p. 27] or KeL for a reference for the fact 
that for two Seifert surfaces of a knot K, there exists a third Seifert surface of K that is obtained 
from the two former ones by adding hollow handles.) Indeed let to be a meridian of a one-handle 
whose boundary is the union of the hollow handle and two disks, and let t be a dual curve for it 
with respect to the intersection form of the stabilized surface F . Since the innermost copy of to does 
not link any curve of the other copies of F, the pair (to, t) does not contribute to the pairing. Now, 
the next innermost meridian does not link any other curve either... In such a way, it is easily seen 
that the pairs (m,£) can be forgotten and this shows that (( |Jie{i n ] ^(F 1 ) )) is invariant under a 
stabilization of F by addition of a hollow handle. 

Proof of Proposition 15.31 Let Kq = K% be the positive desingularisation of K s . Let be the 
trivial link that bounds a disjoint union of disks Di such that each Z)j meets K s exactly at one double 
point, and does not algebraically link Kq, so that each desingularisation of K s is obtained from 
K by surgery on a subset of L — {(£/*; — l)}ie{i, ...,&}■ Then 

n 

Each Ui bounds a genus one surface £j in M \ Kq obtained from Di by tubing Kq, say in the K[ 
part, where we fix the choice of the K[ so that for any pair K[ (~l K'j is connected. 

Let us prove that such a choice is indeed possible for the K[. Fixing the choice of K[ amounts to 
choosing an interval of the circle between the two preimages of the double point i. If some of the two 
possible intervals for a double point i does not contain a pair of preimages for another double point, 
pick such an interval. In the next steps, if some of the two intervals for a double point i only contains 
pairs of preimages for another double point together with their associate already chosen intervals, 
then pick such an interval. It is easy to see that this process will stop when all the K[ are chosen so 
that for any pair {i,j}, K[V\ K'j is connected. 

Now, assume that the diameters of the tubes are all constant and different and that the tube for 
Uj is thinner than the tube for Ui, if Kj contains the two preimages of the double point i. 



^5 




dDj = SEj 

Then E« (~l Ej is empty if the pair (Di n Kq) does not link the pair (Dj n Kq), and it is a meridian 
curve of Kq in Dj otherwise. Therefore, the /^-invariants of the three-component sublinks of L in 
M(Kq; q + rp ) are zero and Theorem 14.41 can be used to compute Z n ([M (Kq; q ? rp ) ; L]). 

In particular, if k > 2n, Z n ( [M ( Kq ; q ^ rp );L}) = 0. Since the linking numbers between two 

intersection curves will be ± q+ p rp or zero, if k = 2n, Z n ([M(Ko; q + rp )', L]) is a monomial in ^ q+ p rp ^ . 

o 

Proof of Proposition 15. 4t In this case, the link of the previous proof is a boundary link in 
M(Kq; q p rp ) because the produced genus one surfaces are disjoint. Then Theorem l4.1l can be applied. 
It implies the first part of the proposition. Use bases (uii,£i) for the Seifert surfaces where TOj is a 
0- framed meridian of Kq, and li is a curve along the tube of £j and Di that is homotopic to Kf, and 
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that does not link Kq. In M(Kq] q + rp )> the linking number of two meridians is ± q+ £ p , the linking 
number of a meridian and a longitude is or ±1 while the linking number of two longitudes is their 
linking number in M. Note that if one tube for Sj goes inside another one for Ej (if K^' 1 ^ K!j'), and if 
K'j is the positive desingularisation of Kf then lk(£i, £j) = lk(l h K' d ) = -lk(£ h K - Kfi = -£ i:j (K s ). 
There are at most n pairings of meridians. Furthermore, since there is at least one innermost meridian 
that cannot be paired with a longitude, there is at least one pairing of meridians. Now, the number 
of pairs of meridians coincides with the number of pairs of longitudes in a pairing. o 

As an example, we compute Y2^°(K S ) where K s is a singular knot with two unlinked double 
points. 

Proposition 12.2 Let K s be a singular knot with two unlinked double points. 

£ {-ifZ^MiKr^))^ 

IC{1,2} 



4 (( 5 ^(^ 



s\2 



2£ lx {K s )t 22 {K s ))r* -h2{K s )r) 03 



Proof: Use the strategy and the notation of the proofs of the two previous propositions. Choose 
Seifert surfaces of the two knots of the crossing changes with disjoint tubes whose longitudes t\ and 
li are homotopic to K^' 2 and K^ X , respectively, so that 

lk{h,h) = lk{h,£+) = lk{£+,£ 2 ) = £ 12 (K S ) 

lk{m\, m^) = — r = lk(mi,mf) 

ik(ei,£i) = -e u (K s ) 

lk(mi,£f) = lk{m 1 ,£ 2 ) = lk(m 2 ,ti) = 
lk(m+,£i) = 1. 

Then, according to Theorem 14. li 



IC{1,2} 



V 



< 



mi 



m 
<£+ 

m 2 



/ 



Note that m\ and m 2 must be paired to another meridian. Then the right-hand side of the equality 
can be rewritten as 




'-MK S ) £0 



Indeed, either two pairs of meridians are paired together. This leads to the quadratic contribution 
in r above, or there is one pair of meridians, it is necessarily (mi,m 2 ) and in this case m\ must be 
paired with l\ and must be paired with £ 2 . Then t[ and must be paired together, and this 
provides the linear contribution above. o 
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13 Computation of the Casson- Walker knot invariant 



Let K be an order Ok knot in a rational homology sphere M. Let M \ K be the infinite cyclic covering 

of M \ K. Denote the action of the homotopy class of the meridian of K on H\(M \ K; Q) as the 
multiplication by t so that a generator of Hi (M \ K) /Torsion acts as the multiplication by t 1 /° K . As 
in [Lit Chapter 2], define the Alexander polynomial A(if) of K as the order of the Q[t ±1 /° K ]-module 

Hx(M \ K; Q) normalized so that 

A(K)(1) = \Torsion(Hi(M\K))\ = LM^H and A{K){t 1 '° K ) = A(K)(t~ 1 ^° K ). 

Ok 

Then the formula of |L1[ p 12-13] implies the following lemma. 

Lemma 13.1 For any knot K such that lk(K, K) £ Z in a rational homology sphere M , for any pair 
(p, q) of coprime integers such that q =/= 0. 

w« - w ^ I {jim^ 1 - + a) + A(i(p - -'»' 

Proof: Recall that A(M) = ,Hi(M)\ where l^i( M )l is the cardinality of H X (M;T} and A is the 
extension of \Hi(M)\X to oriented closed 3-manifolds that is denoted by A in [Llj . For any knot K in 
a rational homology sphere M, according to |L1[ 1.4.8,T2], for q > 0, 

\(M(K;p/q)) - \(M) = 

q f Ok A"(K)(1) _ _J_ _ p 2 + l \ sign( W ) s(p- glk(K,K),g) 
p \\H!(M)\ 2 240 2 K 24g 2 / 8 2 

where the Dedekind sum s(p — qlk(K, K),q) is defined in |RG| (and in [Lit 1.4.5]). This formula 
makes clear that 

A(M (K;p/q)) - A(M) = « f, °', A ™ - ^ + - V /(p, 9 ) 

for some /(p, g) that depends neither on the knot K with self-linking number nor on its ambient 
manifold M. Applying this formula to the trivial knot U of S 3 concludes the proof of the lemma, o 

We now express A(K) from the Seifert form of a Seifert surface for K in the following proposition. 

Proposition 13.2 Let K be a knot of order d, with self-linking number {—a/b) 6 Q/Z, where a and b 
are coprime integers, in a rational homology sphere M . Let N(K) be a tubular neighborhood of K . Let 
S be a surface in M whose boundary is made of (d/b) parallel copies of a primitive curve of dN{K). 
Let B s be a symplectic basis for Hi(E) / H\(dTi) , and let 

A s (r) = det[lk(T^ 2 b'+ -T- l l 2 b'-,b)]{bV)zBl 

where b' + (resp. b'~~ ) is a representative of b' pushed away from S in the direction of the positive 
(resp. negative) normal direction to S. Then 

" r A(iO = A E (^)^-^ 



\Hi{M)\ 'dth-t-h 
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Proof: First assume that the self-linking number of K is zero. Let N(K) be a tubular neighborhood 
of K. There exists a genus g surface £ in M whose boundary is made of d parallel copies of K. 
Consider a collar Ex [—1,1] in M such that 

(£ x [-1, 1]) n N{K) = <9E x [-1, 1]. 

Let Y — M \ (N(K) U Ex] - 1, 1[). 

The infinite cyclic covering X of M \ N(K) can be seen as 

(il^IIII^^xhl,!]))/- 

where h is a generator of the group of automorphisms of the covering X and = provides the following 
identifications. 

h k ({a £ S, 1) € 7) = h k ((a G E, 1) G (E X [-1, 1])) 
h k {{a G E, -1) G Y) = h k+1 ((a G E, -1) G (E x [-1, 1])) . 
Then it is easy to see that, if the action of h on Hi(X; Q) is denoted as a multiplication by r, 



(® beB (rb + -6-)Q)®Q[t, r- 1 ]' 



as a Q[t, t 1 ]-module, where B is a basis of -ffi(E) and, for b G B, b + (resp. 6 ) denotes the class of 
b in Hi(E x {1}) (resp. in i?i(E x {-1})). 

In particular, if C is a basis of H 1 (Y; Q), then 



A(A-)(t - - det [r 1 / 2 c(&+) - r" 1 / 2 c(6- 
up to a multiplication by a unit of Q[r, r -1 ]. 



(c,6)£CxB 



Computation of H 1 (Y ; Q) . 
Let Z = M\(Ex]-l,l[). 

The collar E x [—1, 1] is a genus (2g + d— l)-handlebody whose Hi has a basis B made of the classes 
£i,^2) • • • >^d-i °f (d — 1) boundary components of E, and a symplectic basis B s for i? 1 (E)/i? 1 (9E). 
Therefore, Z has the rational homology of a genus (2g + d — l)-handlcbody and H 1 (Z;Q) is freely 
generated by the linking numbers with the elements of B. 

Use the following exact sequence to compute 7J 1 (Y';Q) 

H\Z, Y; Q) — H\Z; Q) -> ^(F; Q) - H 2 (Z, Y; Q) - 0. 

The pair (Z,F) has the homology of the pair (N(K),dN(K) \ (o>E x [-1,1])) where dN(K) \ 
(<9£ x [—1,1]) is a disjoint union of d annuli A(£f + ) whose cores are parallels i\ + J,\ + , . . . , l\ + of K, 
and such that 

dA(i++) = e+-e- +1 

(where t^ +1 = In particular, 

Hj(Z,Y) =0 it 1,2 

= e? =2 Zcj if i = 1 
= e? =2 Z£i if J = 2 
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where Cj is the class of a path from to lf + in N(K), and Bi is the class of an annulus whose 
boundary is — £^ + ). 

The image oiH 1 {Z 1 Y; Q) H X {Z; Q) is freely generated by the algebraic intersections (., — A(£+ + )) = 
Jfc(.,*r ) _i-#)fori€2,...,d. 

For i > 2, consider a curve that goes from ^ to £j+i in £ and that avoids the chosen geometric 
symplectic basis of Hi(E)/Hi(dT,), and consider a closed loop in in N(K) UEx [—1, 1] that equals 
ei outside N(K). 




Then lk(dBi = £++ - ef+^ij) = S t3 . Therefore the map ^(F;Q 
section whose image is ®f =2 Qlk(., pi). 
Thus 

H\Y; Q) = (B beB MK, b) © ef =2 Q/fc(., m). 
Since lk(lf, b) = for any b G B a , up to units of Q^ 1 / *], 



7? 2 (Z,F;Q) admits a 



A(JO=A E (r)A(d) 



with 



A(d) = det[lk(r^l+ - r-^\,^)} {i , j)e{ 2,..., dV 
where £t = £++ and £7 = tf+ v 
Sublemma 13.3 



A(d) 



r d/2 _ r -d/2 
d( T l/2 _ T -l/2) • 



Proof of the SUBLEMMA: By pushing fij along the negative normal of the Seifert surface of + 
(or K) we see that lk(£i + ,fij) — — g. 

Set z = t 1 / 2 — r -1 / 2 and p = t 1 / 2 , A(cZ) is the determinant of the following matrix 
where 

A 2j - ik( P e++ - P -H+ + , Hj) = P s 2j - - d , 

and for i > 2 
that is for d = 5, 



[A,,] = 

A(2) = e+fL and A(3) = r + T " 1+1 . 



-p-p 

-p 
-p 



-p 
o 





P o 

P _1 P 
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In general the development with respect to the first column gives that 

A(d) = { P -- d )p {d - 2) ^(p+p- 1 ) (iii>' ! ' ' A - 3 x> ■' ■ ■ • 

\i=3 / i=4 j=i 



where 



Thus, 



,J=3 / j=3 



A(d) = - - p - p - -, P - 2 YY p( d+2i - 2 ». 

a da ^— ' 

i=3 j=i 



j2 sr pid+^-m = (d _ 2 y + (d _ 3) ^-2 + (d _ 4)pd - 4 + _ _ _ + p(l 



-,(6-d) 
i=3 j=i 

* £ £ ^a*-^ = (d - 2)/,( d+1 ) - p^- 1 ) - P < d - 3 ) - ... - P < 5 - d ) 

i=3 j=i 

dA(d) = dp^V - p (d-l) + p (l-d) _ {d _ 2)p (d-l) + p (d-3) + p (d-5) + + p (S 

_d/2 -.-d/2 

= p (d-l) +p (d-3) +/ ,(d-5) + _ __ + p (S-d) +f) (X-d) • 



( T l/2_ r -l/2)- 



|gi(M)| 



Back to the proof of Proposition 113. 2\ since A(JT)(f = r d )(l) 

and Proposition 113.21 is proved in the self-linking number case. Let us now deduce the general 
case from this case. Let if be a knot with order d and with self- linking number (—a/6) where a 
and 6 are coprime. Let m be a meridian of K, there exist a parallel L of K and a surface X in 
M \ K whose boundary is made of (d/6) parallel copies of am + bL. Then there exists a primitive 
curve mj such that (to,/, am + bL) = 1. Let J be the knot with meridian mj and with complement 
M \ K . This knot has order (d/6) and self-linking number 0. Its Alexander polynomial is then given 
by the proposition. Furthermore, since it satisfies A(J)(1) = |Torsion(i?i(M \ K))\ = A(if)(l), 
A(J)(tj = T d / h ) = A{K){t K = r d ). Then A{K){t K ) = A(J){t., = t){ b ) and we are done. o 

Proposition ! 13 . 2l implies the following lemma that together with Lemma [13 . 1 I proves Proposition ^. II 
for n = 1 . We use the notation of Section [6] 

Lemma 13.4 Under the assumptions of Provosition \l3.2[ 

d A"(K)(1) «7(S)» Wl , 1 1 



\Hi{M)\ 2 2d 2 2 46 2 24d 2 ' 
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Proof: First note that when K is null-homologous, Ok = d = b = 1. Then since A = W\ o Z\, 
Lemma 113.11 together with Theorem 14.11 together imply that 

1 A"(K)(1) ((I(E))) m 



\H X (M)\ 2 2 
Therefore, according to Proposition 113.21 (that is well-known in this case), 

A£(l) _ «7(S)» Wl 



Then since A s (t) = As^ 1 ) 



A E (exp(u)) = 1 + Ml^^ + 0( 4) 



where 0(4) stands for an element of u Q[[u]], and this formula remains true for any E as in the 
statement of Proposition ll3.2l Since 

exp(u) m - exp(u) m = -(1 + — + 0(4)), 

it is easy to conclude. o 

Now that Proposition 16.11 is shown for n = 1, let us prove it for n — 2. By the formula that is 
recalled in the beginning of the proof of Lemma 113.11 

X(M(K;p/q)) \{M) = l ^^^M + f(p,q,lk(K,K),0 K ) 

p\Hi(M)\ 2 

for some f(p, q, lk(K, K), Ok) that only depends on p, q, lk(K, K), Ok, and that therefore does not 
change under surgery on a knot K 2 that does not link K algebraically, so that 

J2 (-i)* J A(M (Kj;Pj/9i)i6X «tt J - e{ i,2}\/£fe,-e J -))= E (-^M^'W/^J 

/C{1,2} IC{1,2} 

qi ( OkA'^K, C M(K 2 ;p 2 /q 2 ))(l) _ Q Kl A"(Jfi C M)(l) \ 
pi V 2|ffi(M(^ 2 ;P2/g 2 ))| 2|Hi(Af)| y 

= 5T^2- c M(K 2 - P2 /q 2 ))) Wl - ((/(Ex) c Af»wJ 

according to Lemma T13.4I Therefore, Proposition 16. II for n = 2 follows from the following lemma. 



Lemma 13.5 Under the assumptions of Proposition \6A\ 

((/(Ei) C M(K 2 ;p/q))) Wl - ((/(Ej) c M» Wl = - J|/fc (E x n E 2 , (Ej n E 2 ),|) . 

Proof: Let (xi,2/i)j e .n... !S } be a symplectic basis for i?i(Ei)/iJi(e?Ei). Because of the variation of 
linking numbers after surgery recalled in Lemma 19.51 the variation of the expression of ((/(Ei)))^ 
given before Proposition 16.11 reads 



«I(£l) C M(K 2 ;p/q))) Wl - ((/(Ex) C M» Wl = 



2^ ]T lk(x J ,K 2 )lk(K 2 ,x+)lk(y 1 ,K 2 )lk(K 2 ,y+) 
p 0',fe)e{i,2,...,3}2 
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" 2 4 E lk(x 3 ,K 2 )lk(K 2 ,y+)lk(y 3 ,K 2 )lk(K 2l x+) 
p (j,fc)e{i,2,..., 9 p 

-2^ £ (lk(x 3 ,K 2 )lk(K 2l x+)lk(y 3 ,y+) - lk(x 3 ,K 2 )lk(K 2 ,y+)lk( y] ,x+)) 

-2^ ^ (lk(x j ,x+)lk(y j ,K 2 )lk(K 2 ,y+) ~ lk(x 3 ,y+)lk( yj , K 2 )lk(K 2 , x+)) 
p a,fe)e{i,2,...,3P 

where the quadratic part in g/p is obviously zero. On the other hand, when c € ifi(Ei), 

(c,S 1 nS 2 ) El =d 2 lk(c,K 2 ), 



Therefore in #i(£i), 



El n E 2 = d 2 y^lkjxj, K 2 )y l - lk(yi, K 2 )x l ) 



i=l 



and 



Zfc(E x n £ 2 , (e x n £ 2 ) + ) 

= c?2 2^ lk(lk(xj,K 2 )yj -lk{yj,K 2 )xj,lk(x k ,K 2 )y£ -lk(yk,K 2 )x 
(j,fc)e{i,2,..., ff p 

Then Proposition 16. II is proved for n = 2. Since 

^m(k 3 ; P3 /93)(Si n e 2 , (Si n E 2 )n) - lk M (Zi n s 2 , (Ex n E 2 ),|) = -^-ik M {^x n £ 2 , *r 3 ) 

93 ^ ^ v2 



(Ei, E 2 , E 3 )^ 



this in turn implies Proposition 16.11 for n — 3. Now, since ^fc(Si (~l E 2 ,i^3) does not vary under a 
surgery on a knot that does not link K\ , K 2 and K3 algebraically, Proposition 16.11 is also true for 
n > 4 and hence for all n. o 

Proof of Proposition 16.31 Use that X'(K S ) = A'(C/, K~) where U is a trivial knot that surrounds 
the crossing change. (See the proofs of Propositions 1 5 . 31 and 1 1 2 . 21 in Section [12J) o 



14 Proofs of the statements on A2 and W3 

Theorem 15.11 guarantees the existence of a polynomial surgery formula 

X 2 (M(K;p/q)) - X 2 (M) = X' 2 \K){q/p) 2 + w 3 (K)(q/p) + C(K: q/p) + X 2 (L(p; -q)) 

where C(K;q/p) only depends on q/p mod Z and C(U;q/p) = 0. Since Z 2 (— M) = Z|(M), w%(K C 
M) = -w 3 (K c (-AO)- 

Furthermore, according to Proposition 112. 2[ if K s is a singular link with two unlinked double 
points, then w 3 (K s ) = -il2^1 an d C{K s ;q/p) = 0. 

The only unproved assertion of Theorem l7.1l is that the knot invariants C(K; q/p) read c(q/p)X'(K) 
for knots that bound a surface whose Hi vanishes in Hi{M). The proof of this assertion will be given 
in this section. 
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Also note that for any knot K in a rational homology sphere M, w 3 (K C M) = w 3 (K C M$N) 
and C(K C M; q/p) = C(K C MtfiV; g/p). 

Let K s be a singular knot with one double point in a rational homology sphere. Let K + and .fT - 
be its two desingularisations, and let K' and K" be the two knots obtained from K s by smoothing 
the double point. Assume that K' and K" are null- homologous, set 



f{K s 



X'(K') + \'(K") X'(K+) + X'(K~) + lk 2 (K', K") 



Note that f(K s c M) = f(K s c MtfJV). 

In order to prove Proposition [T72J we shall successively prove the following lemmas. The two last 
ones Lemmas 114.31 and 114.41 obviously imply Proposition [T72] 



Lemma 14.1 Let K s be a singular knot with one double point in a rational homology sphere. The 
invariants C(K S ; q/p) and (u>3 — f)(K s ) do not vary under a surgery on a knot that is null-homologous 
in the complement of K s . 

Lemma 14.2 Let T be a non-necessarily connected graph in a rational homology sphere M , such that 
every loop of T is null-homologous in M. Then there exist a graph Tq in S 3 , an algebraically split 
(rationally) framed link L in S 3 whose components are null-homologous in S 3 \ Tq, and a rational 
homology sphere N, such that (S 3 (L),Tq) — (M, T)$N. 

Lemma 14.3 Let be the following singular knot 




whe 



2n 



represents \n\ vertical juxtapositions of the motive if n > and \n\ vertical juxtapo 



sitions of the motive ^ if n < 0. Then for any singular knot K s with one double point p, such that 
the two knots K' and K" obtained from K s by smoothing p are null-homologous, 

{w 3 - f){K s ) = {w 3 - f){K s _ lk(K , KII) ). 

Lemma 14.4 For all n S Z, (w 3 - f){K s n ) = 0. 

We shall next prove the following proposition that generalizes a Casson lemma from integral to 
rational homology spheres. 

Proposition 14.5 Let C be a real-valued invariant of null-homologous knots in rational homology 
spheres such that 

• C(K c M) = C(K c M$N), 

• C{U) = 0, 

• C(K) does not vary under a surgery on a knot J such that (J,K) is a boundary link, 

• if K s is a singular knot with one double point, C{K S ) does not vary under surgery on a knot 
that is null-homologous in the complement of K s . 
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Then there exists c £ K such that 



• if K s is singular knot with one double point p, such that the two knots K' and K" obtained from 
K s by smoothing p are null-homologous, then C(K S ) = clk(K' \K"), and, 

• if K bounds a surface whose H\ maps to zero in H\(M), C{K) = cX'(K). 

Since the C(.;p/q) satisfy the hypotheses of the proposition above (thanks to Theorem 14. II for the 
hypothesis on boundary links), this proposition will be sufficient to conclude the proof of Theorem 17.11 

o 

Let us now prove all the lemmas and the proposition. 
PROOF of Lemma I14.lt Let J be a null-homologous knot unlinked with K' and K. Let Fj be a 
Seifert surface for J that does not meet K s , and let (m, £) be the usual basis of the genus one surface 
obtained by tubing a trivial knot V surrounding the double point of K s , m is a meridian of K~ , £ is 
homotopic to K 1 and lk(£, K~) = 0. By Theorem 14. 11 

Z C 2 (M(J; ^)(K S ; P -)) - Z C 2 (M (K s ; P -)) 

qj q q 

Since, according to Lemma 19.51 the pairing of m and a curve c in the contraction above will give 
rise to the coefficient (—q/p)lk(K, c) = —rlk(K, c), C(K S ; q/p) does not vary under a (pj/qj)-surgery 
on J. 

w 3 (K s C M(J; ^)) - w 3 (K s C M) = 

qj 

£-) W 2 (zf 2 (K s c M(J; ^)) - Z^(K S c M) 
9rJ r=0 V qj 

where m must be paired either with m + or with I(Fj), and in the latter case m + must be paired with 
£ in order to lead to a linear contribution in r. 

w 3 {K s C M(J; ^)) - w 3 {K s C M) = 

qj 

Since i^T = K" + £, as far as the connected pairing with I(Fj) is concerned, 
K-<0-K+= £-<y-£+ + K"-<y-K"++2 £-0-K" 



and 



Therefore, 



K-0-£+ = £-0-£ + + K"0-£^ 



ko-£+ = \ £<>-£+ - ^"-or++ \ko-k+. 

w 3 (K s C M(J; — )) - w 3 (K s C M) = 

q.j 
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qj 11 1 l+ T(F \\\ qj l( K " K " + T(F \\\ + qj (( K K+ T(F \\\ 

Thus, according to Proposition 16.21 since 

(( KOK+ I(Fj) )) W2 = <( K-K+ I(Fj) )) Wl , 

w 3 (K s c M(J; — )) - w 3 (K s c M) 
U 

= (A'(J, + A'(J, K") - A' (J, if)) 

= / A'(J,1T) VGT^Q _ A'(J,if+) _ A'(J,if-) \ 
PJ V 2 2 4 4 

= f(K s cM(J;^-))-f(K s cM). 
9./ 

o 

Proof of Lemma 114. 2t After a possible connected sum with some lens spaces, the Q/Z-valued 
linking form of M is diagonal [Waj . and the generators of H±(M;Z) can be represented by a link L 
of algebraically unlinked curves Ki that do not link T, algebraically. Then for each Ki, there exists 
a surface Si in the exterior (M \ IntiV(L)) of L whose boundary is a connected essential curve of 
dN(Ki), and that does not meet T. Thus, H 1 (M \ IntiV(L); Z) is freely generated by the algebraic 
intersections with the Sj , and there exists a surgery on L that transforms M into a homology sphere 
H. The manifold H can in turn be transformed into S 3 by surgery on a boundary link of H bounding 
a disjoint union Fh of surfaces in _ff that can be assumed to be disjoint from the first surgery link 
and from the image of r in H . This proves the lemma. o 

PROOF of Lemma [TOJ Apply Lemma MM to T = K s , then K s <° = L . Note that lk(K' Q ,K£) = 
lk{K',K"). Recall that (w 3 - f)(K s C M) = (w 3 - f)(K s C M(|vV). Thanks to Lemma MJI 
(w 3 - f){K s C A/ft AT) = (w 3 - f)(K s '° C S* 3 ). Now that the proof has been reduced to the case where 
M = S 3 , recall that a crossing change on K 1 or K" may be realized by a surgery on a knot satisfying 
the hypotheses of Lemma [14.11 that changes neither lk(K' , K") nor (w 3 — f)(K s ). Unknotting K' 
first by crossing changes and next unknotting the parts of K" between two consecutive intersection 
points with the disk bounded by K 1 transforms K s into K^_ lk , K , K ,,y o 

PROOF of Lemma [14. 41 By the crossing change formula of Proposition lOl \'(K+)—\'{K+_ 1 ) = — 1, 
and \'{K+) = -n. Since K~ , K' n and K£ are trivial, f{K s n ) = -M^ll. 

On the other hand, since w 3 (K~) — 0, w 3 (K^) — w 3 (K+). The unlinked double crossing change 
formula of Theorem 17.11 implies that 

w 3 (K+ +2 ) - 2w 3 (K+ +1 ) + w 3 {K+) = - 1 - 

Since Kq is trivial, w 3 (K^) = 0, and since Kf is the figure-eight knot that coincides with its mirror 
image, w 3 (K+) = 0, too. Then w 3 {K s n ) = w 3 (K+) = o 

PROOF of Proposition 114.51 Let K s be as in the hypotheses of Proposition 17.21 The proof of 
Lemma MM shows that C{K S ) = C{K s _ lk(K , Kll) ). Since C(U) = 0, C{K s n ) = C(K+). Since the 
hypotheses of the proposition imply that C maps singular knots of S 3 with two unlinked double 
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points to 0, C(K+ +2 ) - 2C(K+ +1 ) + C(K+) = 0, and C(K+) is affine with respect to n. Since 
C(K+) = 0, C(K+) is linear. Then there exists c such that C(K S ) = clk(K',K"). 

Let K be a knot that bounds a Seifert surface £ whose H\ maps to zero in H\{M). Applying 
Lemma 114. 21 to the one-skeleton of S allows us to reduce the proof that C{K) = c\'(K) to the case 
of knots in S 3 , thanks to the hypothesis on boundary links. Then this case is easily proved with the 
crossing change formula. o 

PROOF of Proposition 17.31 Consider the genus one surface £ in H and its symplectic basis (a, b) 
below. 



(a, b) = 1, lk(a,a+) = lk{b,b+) = *±*, lk(a,b+) = =^=2, Zfc(a+ 6) = i^, 

, (as + z)(y + z) + 1 - z 2 xy + yz + zx + 1 
A (K(x,y,z)) = = . 



Note that \'((j)(X), (j)(Y)) = X'((j)(Y), cj>(Z)) = \'(<f>(Z), cj>(X)). In particular, both sides of the equality 
to be proved are symmetric under a cyclic permutation of ((X, x), (Y,y), (Z,z)). Using this cyclic 
symmetry, the formula for the pretzel knot K(x, y, z) follows from the crossing change formula starting 
with the trivial knot K-\ \ \\ 



4w 3 (K{x + 2, y, z)) - 4w 3 (K(x, y, z)) = X'(K(x + 2, y, z)) + \'{K{x, y, z)) + ^ 



y + z 



16 (w 3 (K(x + 2, y, z)) - w 3 {K(x, y, «))) = (2x + 2)(y + z) + 2 + 4yz + y 2 + z 2 . 
32w 3 (K \x , y, z)) = 2x + 4xyz + xy 2 + xz 2 + x 2 (y + z) + F(y, z). 



Otherwise, the following lemma 114.61 reduces the proof of Proposition 17.31 to the case where the knot 
4>(K(x, y, z)) is in S 3 , thanks to Lemma ll4.2i and next when the knot is a pretzel knot K(x, y, z) by 
crossing changes on X and Y. 

Lemma 14.6 Let </> be an embedding of H in a rational homology sphere such that 4>{X) and 4>(Y) 
are null homologous in the exterior of 4>{H). Let J be a knot in the exterior of 4>{H) that links neither 
4>{X) nor 4>(Y), then 

w 3 (<P(K(x,y,z)) C M{J;p/q)) - w 3 (<f>(K(x,y,z)) C M) 

= f (3A'(0PO, 0(F), J) - x\'{4>{X), J) - yX'{4>{Y), J) - zX'^Z), J)) . 
2p 



Proof of Lemma [1476] According to Theorem l4.1[ if Fj is a Seifert surface of J in the complement 
of the genus one Seifert surface S of <fi(K(x, y, z)) in <fi(H), 



w 3 (0(K(x iy , z)) C M(J;p/q)) - w 3 (0(K(x iy , z)) C M) = 7(E) I(Fj) )) Wa 
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where 

a b b+ a+ 

i(P)= v v • 

Write 

^((/(E) I(Fj))) W2 =C A + C B 

where Ca is the contribution of the pairings that pair two univalent vertices of /(E), and Cg is the 
contribution of the pairings that pair all the univalent vertices of /(E) to univalent vertices of I{Fj). 

C A = ^(((^T bOb+ + a<>a ++ z a<>b ^ I{Fj) ))w 2 - 

From now on, we write X, Y and Z for <fi(X), <fi(Y) and (f>(Z), respectively. 

° A = i {{ (f x <> x+ + l YOY++^ (x + r)o(x + y)+j i(Fj))) W2 . 



Thus, according to Proposition 

g f xX'(X,J) y\'(Y,J) zX'(Z,J) 

Ca = — p { — 2 — + + 

Let us now compute the contribution of the pairings that are bijections from the set of univalent 
vertices of /(E) to the set of univalent vertices of I(Fj). For them, we may change a to Y and b to X 
and write 

X YY+X+ 

where the superscripts + distinguish two copies of X (or Y) whose linking numbers with the curves 
of Fj are the same. 

Let us compute the contribution Cb of the pairings that are bijections from the set of univalent 
vertices of /(E) to the set of univalent vertices of some 

c d e / 
I(c,d,e,f)= y y 

to((/( C ,d,e,/)/(S))V 2 . 

Note the symmetry under the exchange of the pair (X, Y) with the pair (X + , Y + ). 
The contribution of the pairings that pair c and d to X and X + is 

Y Y+ Y Y+ 

lk(c,X)lk(d,X)(( \f y + Y ^ ))W2 

that is zero by the antisymmetry relation in the space of Jacobi diagrams. Similarly, the contribution 
of the pairings that pair c and d to Y and Y + vanishes. 
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The contributions of the pairings that pair d and e to X and X + is 

2lk(d,X)lk(e,X)lk(c,Y)lk(f,Y)W 2 ^ <E> + C*? 1 

where 

w 2 ( & J = ^ 2 ^ A J = 1- 

Therefore, the contribution to (( I{c, d, e, /) /(£) }}w 2 °f the pairings that are bijections from the 
set of univalent vertices of /(£) to the set of univalent vertices of I(c, d, e, /) is 

3 

-((I(c,d,e,f) X — X+ Y — Y+ »wi 
Therefore, according to Proposition 16.21 

^ = %p\ {{I{Fj) x ~ x+ Y ~ Y+ ))m=^'(J,x,Y) 

= | (A'((X,F) c M(J;g/p)) - X'((X,Y) c M))) . 



15 More about surgeries on general knots in rational homol- 
ogy spheres 

Theorem 15.11 describes the polynomial behaviour of Z n under surgeries on null-homologous knots. It 
can easily be generalized to the case of non null-homologous knots K a primitive satellite I of which 
bounds a Seifert surface. Let uik be the meridian of such a knot K such that (tor-, £)dN(K) = Ok- 

A surgery curve \x on dN(K) is determined by its coordinates (pk,Qk) in the symplectic basis 
{jUKt q — £) of Hi(dN(K);Q) where px = ^((J>,t) is the linking number of K and [i, and qK = 
(rrifcfj)- The associate surgery coefficient is pk/qk- 

Theorem 15.1 Let iigN. Let K be a knot of order Ok in a rational homology sphere M such that 
a primitive satellite i of K bounds a Seifert surface F . Let F ,.. ., F n be parallel copies of F . Let 
Pk/<Ik 6 Q be a surgery coefficient for K . Then 

Z n (M(K; _ Zn {M) = ± Y^ K/(pK02 JK C M)(g)< 

where 

Y n,q K /(p K 2 K )( K } = | 2 nn2n (( U ^ 

K ie{l,...,n} 

Y nL/(PKO* K ) onl y de P ends on Qk/(pkO k ) mod E, and, if n > 2, PciY^^^J = F^o^ 
does not depend onpK andq^- Furthermore, ifm is a primitive satellite of K such that {m,i)dN(K) — 
1, and if K C M is the knot with the same complement as K whose meridian is m, then, if n>2, 

Y^ C (K C M) = ^L_y n (»-D°(£ c M) + n(m,m K )0 K Y^ c (K C M). 
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Proof: Let /i = pk^k + (qk/Ok)^ be a surgery curve on dN(K). Let 

(p = (Mj £ ) = OkPk, q = (m, m) = Pxim, m K ) + Qk/O k ) 

be the coordinates of /i in the symplectic basis (m,£) of Hi(N(K);1). Note that changing m to 
another curve such that (m, £)dN(K) = 1 leaves p invariant and does not change the class of ^ in Q/Z. 
When the other data are fixed, the mod Z congruence class of 

p Pk0 2 k O k 
depends on the class of ~q3 in Q/Z. From the formula of Theorem 15. II 

n 

Z n (M(K; -£-)) - Z n (M) = ^ F« (X C M)(r + i)*, 
q + rp n 'i/y p 



we deduce 



q K + r0 2 K p K ' 



Zn(M(K; ™ )) - Z„(M) 



where 



and, if n > 2, 



>-(') ( zr r- »>v». l 9K l ( m ' m K)_ 

= YY {1) n2 JK C M)(r0 2 K + 



£ C M)(r + + + Z B (jfr) - Z„(M) 



iS{l,...,n} 



ttoyf^ C M ) = T^^C* c M) + n( m , mjf >O^W(if C M). 



Remarks 15.2 A knot K of order Ok in a rational homology sphere has a primitive satellite that is 
null- homologous in its exterior if and only if the self-linking number of K reads cL/Ok (mod Z) where 
d is coprime with Ok- 

Like in the proof of Theorem 115.11 the case of knots without null-homologous primitive satellites 
can be reduced to the case of knots of order Ok > 1 with self-linking number 0. This latter case is 
still unclear to me (except for the degree 1 case that can be treated with the methods of the article). 

Relationships between surgery formulae for various q/p can be found using some equivalences of 
surgeries. See |GOj . 



16 Questions 

The statements of Theorems 14.31 and 14.41 make sense for rationally algebraically split links. Do they 
hold true in this case? 

How do the properties of surgery formulae generalize for surgeries on non null-homologous knots? 
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What is the graded space associated to the filtration of the rational vector space generated by 
rational homology spheres, defined using Lagrangian-preserving surgeries? 

The degree n parts of the LMO invariant and the Kontsevich-Kuperberg-Thurston invariant coin- 
cide on the intersection of T n with the vector space generated by homology spheres. The configuration 
space invariant for knots in S 3 is obtained from the Kontsevich integral by an isomorphism that in- 
serts a (possibly trivial) specific two-leg box f} on each chord of a chord diagram. See |L5j for a 
more specific statement. Do the LMO invariant and the Kontsevich-Kuperberg-Thurston invariant 
actually coincide? Is the Kontsevich-Kuperberg-Thurston invariant obtained from the LMO invariant 
by inserting the two-leg box [3, k (or 2k or 3k) times on each degree k component of a Jacobi diagram? 
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